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Abstract

These notes explore fundamental ideas in online learning, where data are processed in real-time, and
algorithms are updated dynamically. Topics include online linear and convex optimization, as well as
multi-armed bandits. The main algorithms in the field will be introduced, and we will delve into regret
minimization concepts for theoretical analysis. Online learning algorithms play a central role in recent
advancements in reinforcement learning.
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1 Introduction

1 Introduction

In many applications, the data set is not available from the beginning to learn a model but it is observed
sequentially as a flow of data. Furthermore, the environment may be so complex that it is unfeasible to
choose a comprehensive model and use classical statistical theory and optimization. A classic example
is the spam detection which can be seen as a game between spammer and spam filters. Each trying to
fool the other one. Another example, is the prediction of processes that depend on human behaviors
such as the electricity consumption. These problems are often not adversarial games but cannot be
modeled easily and are surely not i.i.d. There is a necessity to take a robust approach by using a method
that learns as ones goes along, learning from experiences as more aspects of the data and the problem
are observed. This is the goal of online learning. The curious reader can know more about online
learning in the books Cesa-Bianchi and Lugosi [2006], Hazan et al. [2016], Shalev-Shwartz et al. [2012].

1.1 Setting of online learning

In online learning, a player sequentially makes decisions based on past observations. After committing
the decision, the player suffers a loss (or receives a reward depending on the problem). Every possible
decision incurs a (possibly different) loss. The losses are unknown to the player beforehand an may be
arbitrarily chosen by some adversary. More formally, an online learning problem can be formalized as
in Figure 1.1.

At each timestept =1,...,T
- the player observes a context x; € X (optional step)
- the player chooses an action 0; € © (compact decision/parameter set);
— the environment chooses a loss function #; : @ — R;
— the player suffers loss #;(6;) and observes
— the losses of every actions: £;(0) foralld € ® — full-information feedback
— the loss of the chosen action only: £ (6;) —  bandit feedback.

The goal of the player is to minimize his cumulative loss:

T
Ly = Z ACHE
=1

Figure 1.1: Setting of an online learning problem/online convex optimization

Example 1.1 (Multi-armed bandit). In K-armed bandit, the decision set are K actions (or arms) © =
{1,...,K} and the player only observes the performance of the chosen action (bandit feedback). In this
problem, there is an exploration-exploitation trade-off: the player wants to select the best arm as often as
possible but he also needs to explore all arms to estimate their performance.

This problem takes his name from slot machines (also known as one-armed bandits because they were
originally operated by one lever on the side of the machine) in which some player explores several slot



machines and tries to maximize his cumulative gain (or more likely minimize his loss!).

Originally, multi-armed bandit setting was introduced by Thompson in 1933 and motivated by clinical
trials. For the t-th patient in some clinical study, one needs to choose the treatment to assign to this patient
and observe the response. The goal is to maximize the number of patients healed during the study.

Nowadays, multi-armed bandit is motivated by many applications coming from internet (recommender
systems, online advertisements,...). We will see more on multi-armed bandit in next lectures.

Example 1.2 (Prediction with expert advice). In prediction with expert advice, there is some sequence of
observations yy, ..., yr € [0, 1] to be predicted step by step with the help of expert forecasts. The setting
can be formalized as follows: at each time stept > 1

— the environment reveals experts forecasts x;(k) fork =1,...,d

— the player chooses a weight vector p; € Ag o {pelo1]: Zzzlpk =1}
(here 6, is denoted p; and © = Ay)

— the player forecasts y; = Z‘,le i (k)x; (k)

— the environment reveals y; € [0, 1] and the player suffers loss £;(p;) = £(yy, y;) where £ : [0,1]* —
[0, 1] is a loss function.

Considering © := Ay and 0, := p;, this setting can be recovered by the online learning setting of Figure 1.1.
The inputs correspond to the expert advice x;(k) that are often revealed before the learner makes his
decision p;.

Player’s performance is then measured via a loss function €;(p;) = €(y;, y;) which measures the distance
between the prediction i, and the output y,. Typical loss functions are the squared loss £(yy, y;) = (§r —yr)?,
the absolute loss £ (Y, y;) = |y: — y:| or the absolute percentage of error £(y;, y:) = |[yr — y:|/ly:|. All these
loss functions are convex, which will play an important role in the analysis.

1.2 How to measure the performance: the regret

Of course, if the environment chooses large losses #;(x) for all decisions 8 € O, it is impossible for
the player to ensure small cumulative loss. Therefore, one needs a relative criterion: the regret of the
player is the difference between the cumulative loss he incurred and that of the best fixed decision in

hindsight.

Definition 1.1 Regret
The regret of the player with respect to a fixed parameter 8* € © after T time steps is

T T
Re(0") & > 6(0) - ) 6(67).
t=1 t=1

The regret (or uniform regret) is defined as Ry =) SUpg.co Rr(0%).

We have some bias-variance decomposition:

T T
[t(et) = inf {’t(Q) + RT
tz:; 0e€® ;

N —
Approximation error = how good the possible actions are. ~ Sequential estimation error of the best action




We will focus on the regret in these lectures. The goal of the player is to ensure a sublinear regret
Rr =0(T) as T — oo and this for any possible sequence of losses #1, ..., fr. In this case, the average
performance of the player will approach on the long term the one of the best decision.

Remarks Let us makes some remarks:

e Except in the stochastic bandit part, we will not make any random assumption on the process
generating the losses ;. The latter are deterministic and may be chosen by some adversary.
Typically, the problem can be seen as a game between the player who aims at optimizing with
respect to 6y, ..., O against an environment who aims at mazimizing with respect to ¢, ..., fr
and 0*. Player’s goal is to approach the quantity:

iIelf supinfsup... ié’lf sup sup Rr(0%).
1

6 0 o T {r 6*€O

e Note that the loss functions #; depend on the round ¢. This may be caused by many phenomena.
We provide here some possible reasons. This may be because

- of some observation to be predicted if £ (x) = £(x, y;). For instance, if the goal is to predict
the evolution of the temperature yy, . . ., yr, the latter changes over time and a prediction x
is evaluated with £ (x) = (x — y;)°.

- the environment is stochastic and the variation over time ¢ models some noise effect.

- of a changing environment. For instance, if the player is playing a game against some
adversary that evolves and adapts to its strategy. A typical example is the case of spam
detections. If the player tries to detect spams, while some spammers (the environment) try
at the same time to fool the player with new spam strategies.

Exercise 1.1. Instead considering the regret with respect to a fixed 6* € ©, one would be tempted to

minimize the quantity
T

T
Ry g Z £(0;) - Z éfelg 4(0)
=1

t=1

where the infimum is inside the sum. Show that the environment can ensure R} to be linear in T by choosing
properly the loss functions ¢;.



2 Online Linear Optimization

2 Online Linear Optimization

In this part, we assume that © ¢ R and that the loss functions ¢ : ® — R are linear
Voe®,  4(0)=(0.9:) (2.1)

where g, € R? is a loss vector chosen by the environment at round ¢ and which is revealed to the player
at the end of the round. This setting might seem restrictive but we will see latter that it can easily be
generalized to more complex frameworks.

2.1 Simplex decision set

Here, we start by presenting an algorithm when the decision set © is the d-dimensional simplex
d
def
Ag = {pE [0,1]d:zpk=l}.
k=1

Since the decisions 0, are probability distributions over [d] « {1,...,d}, in this part we will denote
them by p; instead of 6;. The simplex is a versatile decision set that includes distributions, enables
weighted averages for method combination, and can represent any convex hull, making it powerful.

2.1.1 The exponentially weighed average forecaster

At round t the player needs to choose a weight vector p; € Ay. The question is how to choose it?
The idea is to give more weight to actions that performed well in the past. But we should not give all
the weight to the current best action, otherwise it would not work (see exercises). The exponentially
weighted average forecaster (EWA) also called Hedge performs this trade-off by choosing a weight that
decreases exponentially fast with the past errors.

Parameter: n > 0, p; € Ay4

Fort=1,...,T
- select py; incur loss 4(p;) = (ps, 9;) and observe g; € RY;
- update forall k € {1,...,d}

p1(k)e™ Ze=195 (k)
S o (e 1 s )

Pt+1(k) =

Algorithm 2.1: The Exponentially weighted average forecaster (EWA)

Exercise 2.1. Consider the strategy, called “Follow The Leader” (FTL) that puts all the mass on the best

action so far:
t-1

€ argmin ) £(p). (FTL)
pe < argm Z_; p



1. Show that p,(k) > 0 implies that k € arg min; >l gs(j)

2. Show that the regret of FTL might be linear: i.e., there exists a sequence g, .. ., gr € [—1,1]¢ such
thatRr > (1—1/d)T.

The following theorem proves that EWA, which is a smoothed version of FTL (it performs a soft-max),
achieves sublinear regret.

Let T > 1. For all sequences of loss vectors (g;) € R? with ||gi|l < Ge, ifn < GZ', and p; =
(1/d,...,1/d), EWA achieves the regret upper bound

T T T d
o . logd
Re 200 - min 3 6(p) <1 ), D kg0 + =5 (2:2)
t=1 t=1

t=1 k=1

1 [logd
Geo T~

where we recall t; : p € Ay = {p, g;). Therefore, for the choice n =
bound Ry < 2G+/T logd.

EWA satisfies the regret

This regret bound is optimal up to multiplicative constants (see Cesa-Bianchi and Lugosi [2006]).

First, we remark that if the losses are linear ¢ (p) = (p, g;), then
T T
i ? = mi k).
min ), (p) = min, ,9:(k)

eA
PE€Aa P

Indeed, for any p € Ay,

T T d T d T T
2,60 = Apgy =) p(k) D ge(k) = ) p(k) min > gi(k) = min > g:(k).
t=1 t=1 k=1 t=1 k=1 T t=1 T t=1

Therefore
T T
Rr = ,gr) — mi k).
T ;(pt gr) 1rsnklgdglgt( )

We denote W;(j) = e™" Ze19:0) and W, = 27:1 W;(j). The proof will consist in upper-bounding and
lower-bounding Wr. We have

d
Wi o= Y Wi (e V) — W =Wy (j)e o)
=
d W, .
= Wt-lzL(])e"”f(j)
o Wi
d -1, s
; =1 X521 95() Wi_1()j)
= W._ Ve 19t (J) - N € _ Vi1
f 1;1%(]) P:(j) S oSl on®) Wi,
d
< Wi Zpt(j)(l - n9:(j) +n°9:(j)?) — e <l+x+x‘forx<1
=1



= Wi (1 =nlprge) + ’72<Pt>9?>) )

where we used in the inequality —5g;(j) < —¢:(j)/Ge < 1 and where we denote g; = (g;(1),...,g:(d)),
g2 = (g: (D)% ..., g:(d)?) and p; = (p¢(1), ..., p:(d)). Now, using 1 + x < e*, we get:

W, < Wi exp (= n{pr. ) + 1°(pr. 95)) -

By induction on t = 1,..., T, this yields using Wy = d

T T
Wr < dexp ( =1 ) (pigr) +r722<pt,9?>)- (2.3)
t=1 t=1
On the other hand, upper-bounding the maximum with the sum,
T d T
exp ( ~ 7 min th(j)) < Z exp ( -1 th(j)) <wr.
=1 j=1 =1
Combining the above inequality with Inequality (2.3) and taking the log, we get
T T T
~7 min > 9G) <=0 D (prgry +1* Y (pe i) +logd. (2.4)
t=1 t=1 t=1

Dividing by 5 and reorganizing the terms proves the first inequality:

T T T
logd
— — : . 2
Rr = ;(Pt, 9r) 121]_1201;%(]) <7 ;(pt, g;i)+ —’7
Optimizing n and upper-bounding (p;, gZ) < GZ concludes the second inequality. o

Anytime algorithm (the doubling trick) The previous algorithm EWA depends on a parameter
n > 0 that needs to be optimized according to d, G, and T. For instance, for EWA using the value

1 [logd

G T °
the bound of Theorem 2.1 is only valid for horizon T. However, the learner might not know G, or the
time horizon T in advance and one might want an algorithm with guarantees valid simultaneously for
all T > 1. We can avoid the assumption that T is known in advance, at the cost of a constant factor, by
using the so-called doubling trick. The general idea is the following. Whenever we reach a time step ¢
which is a power of 2, we restart the algorithm (forgetting all the information gained in the past) setting
n to Gl4/logd/t. Let us denote EWA-doubling this algorithm.

For all T > 1, the pseudo-regret of EWA-doubling is then upper-bounded as:

Ry < 7Goon/Tlogd .

10



The same trick can be used to turn most online algorithms into anytime algorithms (even in more
general settings: bandits, general loss,...). We can use the doubling trick whenever we have an algorithm
with a regret of order O(T?) for some & > 0 with a known horizon T to turn it into an algorithm with
aregret O(T%) forall T > 1.

Another solution is to use time-varying parameters 1; replacing T with the current value of t. The
analysis is however less straightforward.

Exercise 2.2. Prove a regret bound for the time-varying choice ; = \logd/(1+ X[_, |lg:||%) in EWA.

Proof of Theorem 2.2. For simplicity we assume T = 2M*! — 1. The regret of EWA-doubling is then
upper-bounded as:

T T
Rr = ) t(p) —min > 4(p)

=1 =
T M 2mHl_q

< B .

< Z&(Pt) Z min Z &(p)
t=1 m=0 t=2m
M 2m+1_1 2m+1_1

{ag
[

t(p) = min Zm t(p) -

Rm
Now, we remark that each term R, corresponds to the expected regret of an instance of EWA over the
2™ rounds t = 2™, ...,2™*!1 — 1 and run with the optimal parameter n = 4/log d/2™. Therefore, using
Theorem 2.1, we get R, < 24/2™ log d, which yields:

M
Rr < ) 2Ge2logd < 2(1+ V2)Geoy[2M*! logd < 7GeoTlogd .
m=0

Improvement for small losses The first inequality in Theorem 2.1 is sometimes called improvement
for small losses when losses are non-negative. Let’s define ZT S th1 £, (p;) the loss of the algorithm
and L7, « minpea, Yi-; & (p) the optimal loss. Then, optimizing in = (log(d)/zzzl(pt,gﬁ))l/z, the
regret is upper-bounded by

def

~ ., logd < =
Br 2 Tr- 1 = =2y ) pgh) = 2408 ) S pr.g?) = 2 logd)Gulr
t=1

Therefore, using that x* < a + cx implies x < Va+ ¢ when a, ¢ > 0, we get with x = 4/ Ly that

VIt < |JLi +24/Ge log d,
Rr < 4,/Gu log(d)L} + 4G logd,

which is small whenever the optimal loss L} is small.

which yields

11



2.1.2 Application to prediction with expert advice

The preceding section considers linear loss functions. Yet, it can yield non-trivial regret bounds for
general convex losses. We consider here an application to the setting of prediction with expert advice
detailed in Example 1.2. The goal is to minimize the regret with respect to the best expert

T T
expert def —~ .
Ry = )ty - min Z £(x;(k),ye)
t=1 t=1
where y; = (ps, x;) are the predictions of the algorithm and y; the observations to be predicted

sequentially.

Convex loss function We state bellow a corrolary to Theorem 2.1 when the loss functions £(-, -) are
convex in their first argument.

LetT > 1, B > 0. Assume that the loss function ¢ : (x,y) € R XR — R is convex and takes values in
[~B, B]. Then, EWA applied with the vector vectors g; = (£(x¢(1),yz), -, £(x;(d),y:)) € [-B, B]¢ has
a regret upper-bounded by

R < 2B[Tlogd

where y; = (p;, x;) and were n > 0 is well-tuned.

Therefore, the average error of the algorithm will converge to the average error of the best expert. This
is the case for the square loss, the absolute loss or the absolute percentage of error.

It suffices to remark that by convexity of £(-, -) in its first argument

T T
R;xpert _ Z f(<Pts xt>, yt) — 12}3201 ; [(xt(k)a yt)

t=1

IA

T T
. def
;<pt,gt>—lg2d;gt(k) = Rr.

The result is then obtained by Theorem 2.1. O

Exp-concave loss function Here, we show that a faster rate can be obtained (with EWA) if the loss
function are exp-concave.

Definition 2.1 n-exp-concavity

Forn € R, a function f is said to be n-exp-concave if x > e~/ *) js concave.

Exp-concavity is stronger than convexity but weaker than strong convexity. Indeed, exp-concave
functions are convex because — log is convex and decreasing. Furthermore, any 5-exp-concave function
is also n’-exp-concave for 0 <’ < 5.

In prediction with expert advice, if the loss are generated from a fixed loss function ¢ (p) = £({p, x:), y:),
then ¢, are n-expconcave if y +— £(1y,y;) are n-exp-concave for all y,. We can compute 7 for some
common loss functions:

12



— the squared loss: £ : (y,y) € [0,1]% — (¥ — y)?, then £ are 1/2-exp-concave. Indeed, let y € [0,1]
and denote G : J — exp (—n(y—y)?). Then, G”(y) = G(y) (47°(y—y)* — 2n). Thus G is concave
if and only if (y — y)? < 1/(2n) which is satisfied for n = 1/2. This is also the case in higher
dimensions with £(7, y) = ||y — y||. If the observations and prediction 3,y € [0, B], then the 4,
are 1/(2B?%)-exp-concave

— the relative entropy (or Kullback-Leibler divergence): ¢ : (,y) € [0,1]? = ylog(y/y) — (1 -
y) log((1 —y)/(1 —y)). Then the functions ¢; are 1-exp-concave. This loss can for instance used
for density estimation of the sequence yy, ..., yr.

— the linear loss £(7, y) =y - y, the absolute loss £(y, y) = |y — y| or the absolute percentage of error
are however not n-exp-concave for any n > 0.

In the setting of prediction with expert advice, if the loss functions €(-,y;) are n-exp-concave for all
yr, then EWA run with vectors g; = (£(x¢(1),ye), ..., £(x;(d), yr)) € RY with parameter n > 0 and
p1 = (1/d,...,1/d) satisfies
R;xpert < @’

n
forallT > 1.

The worst-case regret does not increase with T but grows logarithmically in the dimension d.

The proof is similar to the original proof of EWA. We define W, (i) = e™725=195() and W, =
Z?zl W; (i). We have

N
Wi = > Wa(je V) e Wi(j) = Wiy (j)e 9
j=1
N .
- W Y Wi () -nge )
a Wi
N Coctel s
; e 12551 95() W;_1(j)
= W._ e~ 19¢ () - N _
: 1;@(]) P = SN s =
< Weyexp (= ne({pe. xi). yr)) —  n-exp-concavity
Now, by inductionon t = 1,..., T, this yields using Wy = d
T
Wr < dexp (_’7 Z (s, yt)) . (2.5)
=1
On the other hand, upper-bounding the maximum with the sum,
T d T
exp ( ~ 7 min th(j)) < ) exp ( - Uth(j)) < Wr.
jeld]l 4= = Pt
Combining the above inequality with Inequality (2.5) and taking the log concludes the proof. O

13



2.1.3 Non-convexity: Linearizing the loss through randomization

Setting: O finite, non-convex loss functions ¢, : ® — [—B, B].

In this section, we consider a finite set of decision © = {1,...,d} and we assume that the player is
restricted to play an action in ©. In other words, the player cannot play convex combinations of
the actions as it was done for prediction with expert advice. For instance, we may want to build a
recommender system to recommend movies to customers. The loss function are arbitrary bounded loss
functions ¢, : © — [-B, B].

Need of a random strategy The following proposition shows that the choice 8; cannot be determin-
istic in this setting. Otherwise, the adversary may fool the player by taking ¢ depending on 6;.

Any deterministic algorithm may incur a linear regret. In other words, we can find some sequence of
losses ¢; such that Rt = T.

Since 6, is deterministic, the loss function # can depend on ;. We then choose £(0;) = 1
and £;(0) = 0 for 8 # 0;. Then one of the chosen actions was picked less then T/d times so that
maxi<k<q {y(k) < T/d. Therefore, Rr > (1 —1/d)T. O

From the above proposition, we see that the strategy of the learner needs to be random. Therefore,
instead of choosing an action in {1, .. ., d}, the player chooses a probability distribution p, € Ay := {p €
[0,1]¢ : 3 px = 1} and draws 6; ~ p;. And we recover the setting with actions played in the simplex
Ag.

A random regret The regret Ry will be here a random quantity that depends on the randomness of
the algorithm (and eventually of the data). We will thus focus on upper-bounding the regret:

- with high-probability: Ry < e with probability at least 1 — &;
- in expectation: E[Rr] < e.

From high-probability bound to expected bound. Note that since the losses are bounded in [0, 1] a bound
in high probability entails a bound in expectation. If Ry < ¢ with probability at least 1 — 6, then

E[Rr] < E[Rr|Rr < ¢|P(Rr < ) +E|Rr|Rr > ¢|P(Rr 2 ¢) < e+T§. (2.6)

Another useful (and often better) tool to transform a high-probability bound into a bound in expectation
is the inequality E[X] = /Ooo P(X > ¢)de for nonnegative random variable X.

From expected bound to high-probability bound. On the other hand, since the losses are bounded, using
Hoeffding’s inequality a bound in expectation entails a bound in high probability at the cost of an

additive term of order /T log(1/J) in the regret.

Let © be finite of cardinal d and ¢, ...,¢r : ® — [—B, B] be an arbirary sequence of losses. Then,

14



applying EWA with a well-chosen n and p; = (1/d,...,1/d) and sampling 6, ~ p; at every round,
satisfies the expected regret

T T
E[Rr| =E ;ft(Gt)—{orleig;ft(e) < 2ByTlogd

forn well tuned.
Exercise 2.3. Using Hoeffding’s inequality, provide a bound on the regret Rt with probability 1 — 4.

Using g; = (£(1),...,4(d)) € [-B, B]%, from Theorem 1 of last class, we have

T T
D pege) = min >" 6(6) < 2ByTlogd.
t=1 t=1

It suffices then to take the expectation and remark that

E[ft(et)] = E[E[ft(‘gt)|}7t]] = E[<Pb9t>] .

O

It is worth pointing out that we did not make any assumption on the loss function #; beside boundedness.
In particular, it can be non-convex.

Example 2.1 (Online classification). Assume that you may want to predict a sequence of labelsyy, ..., yr €
{0, 1} (such as spams) based on expert advice x; (k) € {0, 1} (such as different spam detectors). Then, using
the losses £;(k) = 1y, (k)2y,» EWA ensures

T T
E Z]let¢yt — min 1y, (k)#y, | < 2VTlogd.
t=1

1<k<d
t=1

Hence, the expected number of mistakes of the algorithms will not be much larger than the one of the best
expert. This is valid though the loss function is nonconvex.

2.2 Convex and compact decision set

Setting: linear loss function, convex and compact decision set ©.

In this section, we generalize the preceding sections to any compact convex decision set ® ¢ R?. We
still assume that the loss functions take a linear form

Vo € O, £:(0) =(0,9:),

for some g; € RY. We provide a few well-known algorithms in this setting.
2.2.1 Online Gradient Descent

We introduce, Online Gradient Descent, and is due to Zinkevich [2003] in the online learning setting. It
is an online variant of the well-known Gradient Descent algorithm in optimization.

15



Parameter: n > 0,0, € ©

Fort=1,...,T
— select 8;; incur loss #(6;) = (0;, g;) and observe g, € R%;
- update
Or1 = H@(Qt - Ugt) >

where Ilg is the Euclidean projection onto ©.

Algorithm 2.2: Online Gradient Descent (OGD) for linear losses £ (6) = (0, g;).

Then for any sequence gy, . . ., g € R%, if the looses are linear £;(0) = (0, g;), the regret of OGD satisfies

0 R
RT—ZW»—@(@K E e LY o
t=1

no |

where 0% € argminy g ZtT 1 t(0). In particular, if maxgee ||0 — 61|| < D; and ||g:|| < G, for allt, for
n=g, \F’ we have Ry < DyG>VT.

Exercise 2.4. Prove an upper-bound on the regret of OGD

a) when n is calibrated with a doubling trick.
b) when n is calibrated using a time-varying parameter n;

Exercise 2.5. Prove an upper-bound on the regret of OGD with respect to any sequence of points 07, ..., 0; €
© such that 31, 1|07 — 0, <X

T T
PRACAEDWACHE:

Remark. Assume that © = Ay is the simplex and the loss functions are of the form £,(0) = (0, g;) where
l|g:lloo < Goo. Then both EWA and OGD are possible algorithms (see Theorems 2.1 and 2.7). We saw in
Theorem 2.1 that EWA has a regret bound Ry < 2G+/T logd. In this case, for all p,p’ € Ag

d

lp=p'll = ) (p(i) = p'()* le(:) ()] < Zp<l)+p(z>—z

k=1

and ||g:|| < Vd||g:lleo < VdGe. Therefore, the regret of OGD is upper-bounded by Ry < G V2dT. To
summarize
EWA: Rp < 2Go\Tlogd and OGD: Ry <V2dT

The dependence on d of OGD is suboptimal in this case. This is solved by OMD, a generalization of both
algorithms.

Proof of Theorem 2.7. Let 0" € argminy g Zt 1 (0) and denote z;,; = 0; — ng; so that by definition of
041 in the algorithm, we have 6,1 = Ilg(2;+1). By convexity, the regret can be upper-bounded as

T T
Rr £ > 4(0) = 4(6") = ) (9r,6: =6
t=1 t=1
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Zre1 — O;

T
1
= - Z<Zt+1 —0:,0; — 9*> — gr=
U= n

Then, we use the equality ||x — y||? = ||x||? + ||ly||* — 2{x,y) for all x,y € © so that

Clx P+ Hyll® = llx - yll?
(x,y) = 5 :

Applying it with x = z;4; — 0; and y = 8; — 6" en substituting into the above regret bound, this yields

T
1 B 3k
<% D (lzers = Ol + 110" = 041> = llz2s1 — 0°1?)
t=1

Then, using ||z;+1 — 0;]| = nl|g:|| and ||0* — 8;|| < ||0" — z;|| because © is convex and 0; = lg(z;), we get

T

1 £ £
Rr < 50D (gl +16° = 21 = lzees = 6°IF)
t=1

The last terms telescope, therefore summing over ¢ concludes the proof

T
10" - 6l
Rr< 2 ) llgel + =——

2.2.2 Regularized Follow the Leader

In the preceding section, EWA and OGD were introduced. Here, we will present more versatile
algorithms that rely on a regularization function R : ® — R, appearing to be generalizations of the
earlier algorithms. We consider the RFTL algorithm defined in Algorithm 2.3, which depends on a
strongly convex, smooth, and twice differentiable regularization function R : ® — R.

Input: n > 0, regularization function R > 0

Let 0, = arg miny.q {R(0)}

Fort =1to T do
- Play 6, incur loss £ (6;) = (6;,¢;) and and observe g, € R?
- Update

0;+1 = arg min {ry Z(@, gs) +R(9)}

0€® =1

end for

Algorithm 2.3: Regularized Follow the Leader (RFTL)
Before stating the theorem, let us first recall a few basic definitions useful for the analysis.

Definition 2.2 Strong convexity

We say that a differentiable function f : ® — R is a-strongly convex with respect to a norm || - || if for
allb,0’ € ©

f(0) = f(0") +(Vf(6),0-0") + %IIG - 0'l%

17



LetT > 1. LetR : ® — R be a regularization which is a-strongly convex with respect to some norm
|| - l|lr and let Dg > \/maxe R(6) — ming R(0). Then, for a well-chosen p > 0, the regret of RFTL is

upper-bounded as
5 I
Rr < 2Dy = > llgel,.
=1

where || - ||g « g supyjg<1$ 0) is the dual norm of || - [|r-

Let T > 1. Define for all ¢ > 1 the function ®; such that for all € ©

:(6) =1 ) (6,95) +R(6).

s=1

Note that by definition 6;,; = arg min, ®;(0). Let 6 € ©. Then,

T T
Rr(0) £ ) (6ug) - ) (6,90
t=1 t=1

T
or(0) R(O
= Z(Qt,gt> _2r(0) + R(9)
=1 1 1
T
o7 (0 R(0
< 3 (Ongy - 2rlra) | RO
=1 U n
T
Dr_1(0 R(0
= Z(et’gt> = (Or+1,971) — 7-1(6r) + )
=1 U n
T
Or_1(0 R(0
< Y6190 - Oran,gr) - 2100 RO
=1 n n
. : r-2(0r-1) _ R(O)
< Z(et,gt> - Z (Or41,91) — A
t=1 571 n U
T
R(9) — R(O
< Z(et = Or41,91) + R(O) ~ R «— by induction
t=1 n
T
R(6) - R
< Z 10 = Orsallrllge |l + w « by Cauchy-Schwarz
=1
T DZ
R o
< Z 16 = Ors1llrllge |l + T « by definition of Dg  (2.7)

t

I
—_

It now remains to upper-bound ||0; — 0;41]||r for all t > 1. Let t > 1. Using that R is a-strongly convex,
we have

a
10tk = Oulf < R(O:) = R(8,) + (VR(O111), Brs = 00)
= (Vg1 (6141), Ors1 — 01) + @ (0r) — P4 (0141)

18



But since 0,41 = argminy ®,(6), from the optimality condition, we have (V¢;(6;41), 041 — ;) < 0,
which yields

o
E”Gtﬂ - et”; < @,(0:) — D4 (0r41)

= ®;1(0r) + Pr—1(0r41) + 1€0r — 0141, 91)
< n{0r — 0141, 91)
<nll6; - 9t+1||R||9t||12q,* .
Thus,
611 - 6l < gl

Plugging back into (2.7) and optimizing 1 concludes the regret bound

D2 2’7 T
Rp < =8+ 20 ) lorll.
t=1

Let us first see a few special cases of RFTL.

Euclidean regularization. Choosing R(0) = %HQ — 6,]|%, Theorem 2.8 recovers up to a factor V2 the
same regret upper-bound as the one of OGD in Theorem 2.7. Indeed, here, R is 1-strongly convex with
respect to the Euclidean norm || - || whose dual is also || - || = || - ||. In this case, for any 6,

R(O) = R(6) = 210 - ]

thus Dg = D, /2, which gives the regret upper-bound Ry < D,G,V2T. Note that in this case, RFTL is
close but different from OGD.

Entropic regularization. Let 6, € ® := A;. Then, we recover the exponentially weighted average
forecaster by choosing
R(0) = KL(0]|6,) = <9, log (£)>
01
where by abuse of notation, we write logx = (logx(1),...,logx(d)) and log % =logx — logy. In this
case,
Dgr < —log (miin 6:(i))

and we can show that R is 1-strongly convex with respect to the ¢;-norm. Indeed, VR(0) = 1+log(6/6;)
and for any x,y € Ay,

R(x) - R(y) - (VR(y), x - y) = (x, log §1> ~ (y,log 9%> — (1+1og e%,x )

2
llx = ylly

= (xlog §> = KL(xlly) > —

where the last inequality is by Pinsker’s inequality. Thus, Theorem 2.8 provides the regret upper-bound
Rr < 24/2Tlogdif 0; = (1/d,...,1/d) which is similar to the one of the exponentially weighted average
forecaster proved in Theorem 2.1 up to a factor V2. Note that in this case, RFTL exactly matches with
EWA as shown by the following proposition.
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Let g € RY then, the solution of 0, = arg ming., {17(9, g) + KL(9||91)} has a closed-form solution

defined component-wise by

01 (k) exp(—ng)

0.(k) = . (2.8)
i 01(k) exp(-ng;)
Let 0 € R?, then
~1(6.9) — KL(01[6y) = log (e~ (@orL011%)
g ol
< log ((9 o~ 119+log % >) « Jensen’s inequality
< log ((91, e’ >) < The ineq. is strict if ; has smaller suport than 6.
But for 6. satisfying (2.8) we have
<e_’79915 g> <e_’7961’ —ng — 10g<91’ e_’79>> -
—n(0., g) — KL(0.]|01) = — - =1 01,e7"9)).
1(0..9) = KL(.1101) = =n-"—=5 =) og (01, ¢7"))
This concludes the proof. O

The above proposition can also be proved using Lagragian and classical tools from constrained convex
optimization (left as exercise).

2.2.3 Online Mirror Descent

Online Mirror Descent (OMD) is another generalization of OGD to better exploit the geometry of
the decision space ©®. OMD is the online counterpart of the Mirror Descent algorithm from convex
optimization. The generality of OMD comes from the updates being performed into a dual space which
is defined by a convex differentiable regularization function R : © — R.

Before stating the algorithm, we need to define the Bregman divergence.

Definition 2.3 Bregman divergence

For any continuously differentiable convex function R, the Bregman divergence with respect to R is
defined as
Dr(x|ly) < R(x) =R(y) = VR(y) - (x —y) Vx,y€O.

It is the difference between the value of the regularization function at x and the value of its first order
Taylor approximation. It is nonnegative but not symmetric. Online Mirror Descent is then defined as
follows.

Lett > 1. Let © be a compact and convex set. Then, for all sequences (g;) € R¢, the regret of OMD is
upper-bounded as

T T T
_ D
Z £(6,) - %‘821 0oy < o+ Z Dr: (VR(6,) = nge||VR(6,))

= |-
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Parameters: n > 0, regularization function R
Initialize: z; € R? such that VR(z;) = 0 and 6; = arg ming.g Dr(0||y1)
Fort=1,...,T

- select 6;; incur loss #;(6;) and observe g, € R4

- update z; such that

VR(z4+1) = VR(6;) — ng; .
- project according to the Bregman divergence

Or41 € argmin Dr(0||zs41) -
0e®

Algorithm 2.4: Online Mirror Descent (OMD)

where D > maxgeg |R(0)| and R is the Fenchel conjugate of R defined as R*(z) o maxgeg {Q-Z—R(Q)}.

The proof can be found for instance in Bubeck et al. [2012]. EG and OGD are two particular cases of
Online Mirror Descent.

Example 2.2 (Balls in R? = OGD). If©® c R%, we can choose R(x) = %||x||2 Then VR(x) = x and

Dr(xlly) = %Hx — y||?. Therefore, the update of OMD becomes y;11 = 0; — nV£,(0;) and 0,41 = He(ys41).
We recover the online gradient descent algorithm.

Example 2.3 (Simplex = EWA). If© = A;. We can choose the negative entropy

d
R(x) = Zx(i) log x(i) .

i=1

In this case, VR(x); = 1 + log x(i) and the Bregman Divergence is Dr(x||y) = Z?zl x(i) log(x (i) /y(i))
also known as the Kullback-Leibler divergence. The update of OMD is then

1+1log(yss1 (1)) = 1+1log 0, (i) — ng. (i),
where g, = V£,(6,) € R, This can be rewritten
Yeai (i) = O, (1) MV O ]r,
The projection to the simplex is a simple renormalization (left as exercise), we thus get

0, (i)e "9t (D

Brar (i) = ,
t+1(l) ZZZI Qt(k)e_ngl(k)

and we recover the update of EWA.
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3 Online Convex Optimization

3 Online Convex Optimization

In this section, we aim at generalizing the previous algorithms beyond linear losses ¢ : ® — R.

3.1 Variants of Exponential Weights for continuous action spaces

Here, we present simple solutions via discretization or integration of EWA that yield strong theoretical
baselines (for the regret) when the action space is continuous but often yields prohibitive complexity.

3.1.1 Continuous EWA

Let © € R be a compact and convex subset of R?. We consider the following continous variant of
EWA, that predicts
o 0e 1 2= 60 gy ()

0r = -1 >
f e~ 2551 60 gy (97)

where p is the Lebesgue measure on ©.

LetT > 1. For all sequences of n-exp-concave losses {1, . . ., t; the continuous EWA forecaster satisfies

e 1+dlog(T+1
Rr ¥ Za(et)—mfot(w #

Note that if © = Ay, then O is of dimension d — 1 and not d. As an exercise, prove a regret upper-bound
without the expconcavity assumption of order O(VT).

The proof starts similarly to the one of Theorem 2.4. Let us denote W;(0) = e Lem1 :(6)
Wi = [, Wi(0)du(6) and dfi,(0) = W, (6)dp(0) /W;. Then,

/e—ﬂZtTlt’:(G)dy(‘g)

Wr_1(0
= Wr_ 1/ - 1( ) e 110 dy(0)

Wr

= Wr / 6_'7[T(9)d/7T—1(9) — Or= / Odpr-1(0)
) )
< Wr_iexp (- ntr(6r)) —  np-exp-concavity
T
< Wyexp (—17 Z A (0;)) , «— induction (3.1)
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The second part of the proof to lower-bound Wr is however less straightforward. For simplicity, let
us assume that ¢ are continuous on © (do the general case as exercise). Therefore the infimum is a
minimum and let 6* € arg miny g >\7_, £ (6) and define

0. £ {1-0)0"+e0, 0cOf, ce(0).

Note that by convexity of ©, ®, C ©. By expconcavity of #;, we have for all t and all 8 = (1 — £)0" + eq

e"ﬂ’t(e) > (1 _ E)e_’ﬂ’t(@*) + ge_’ﬂ’t(fJ) > (1 _ S)e—nft(ﬁ*) .

Therefore, for all 0 € ©,
eI t0) 5 (1 )T Th £(0)

Integrating both parts over 0, and using
u@) = [ w0 = [au(i-00"+:0) > [ deretardu(o) = [ etau(o) = etuco)
0, (€] (€] €]

we get

Wr > / e i “Odu(0) > p(@)ed(1- £)Te_'7ZfT=l (0"

Combining with (3.1), using Wy = p(0), taking the log and reorganizing the terms yields

T T 1 1
. .. dlog<+Tlog =
Rr £ § & (pe) — E 4(07) < =
=1 =1

n

Optimizing ¢ = 1/(T + 1) concludes the proof since

1
1—-¢

Tlog =T10g(1+%)§1.

O

Though the nice theoretical result, this algorithm is complicated to implement because of the integral.
In practice, 6; can be computed by using (1/T)-discretization grid of © (bad complexity of order T¢!) or
by using Monte-Carlo methods to approximate the integral of log-concave distributions (polynomial
time algorithm). We will see in next lectures efficient algorithms with similar guarantees.

Example: Portfolio selection

This algorithm was introduced first for the problem of portfolio selection by ? and also known as
Univeresal Portfolio in this framework. In the latter, given a initial capital Cap, a trader repeatedly
distributes her capital over d assets with the goal of maximizing the total return. At each round
t = 1,...,T, the trader chooses an allocation p, € A;. Here, p,(i) represents the share of capital
innvested into asset i € [d] at this round. At the end of the round, the returns-the ratios of the closing
and opening pricese in this round-are revealed in the form of x; € R¢ and the trader’s capital is updated
as
Cap, = Cap,_(pr, x¢) -

By Cover, the performance of a strategy that selected portfolios (p;) is quantified by comparing the
final capital Cap; = Cap, [1_,{ps, x;) against

Cap} = Cap, gé%ii(pt, Xt),
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the “idealized” final capital attained by the best “static” strategy constrained to select the same portfolio
in all rounds. Due to the multiplicative structure, to maximize the capital it is natural to maximize the
ratio Capy/Cap’, which is equivalent to minimizing the regret

T T
Rr = ; £ (pr) — II)TGHAT; ; 4 (p)

where £;(p) L log{p, x;). Noting that the loss is 1-exp-concave, continuous EWA achives the regret
upper-bound of Thm 3.1, which yields

which is optimal in the worst-case.

3.1.2 Discretized EWA

Setting: general compact decision set, f-Holder loss functions

In this section, we aim at designing a procedure for general compact decision set ©. We will assume for
simplicity that ® ¢ R? with maxgg g || — 6’| < D, where || - || denotes the Euclidean norm. If the
loss functions #; are f-Holder, i.e.,

|6:(6) — €:(6")] < cllo - 0117

there exists a simple solution: approximate © with a finite discretization grid ®, and apply EWA on ©,.
If © or the losses are non-convex, one needs to use the random EWA (see Section 2.1.3) and bound the
regret with high-probability. For convenience, we will assume © and the loss functions # to be convex
so that the algorithm can play convex combinations of points in ©, and all quantities are deterministic.

Lete > 0. Let ©® C R? such that maxg g ceo || — 0’|| < D. Then, there exists ©, C © such that

D\d
Card(®,) < (—) and  ¥x€©3x €O, [|§-0 <e,
€
where < denotes a rough inequality (up to multiplicative constants and logarithmic terms).

Remark. Remark that a set finite ©, which approximate © at radius ¢, is called an e-covering of ©. The
cardinal of the smallest e-covering is called the covering number of ©. This cardinal is heavily used in
theory to analyze the complexity of general spaces ©. It heavily differentiates parametric spaces with
covering number of order (1/¢)® with nonparametric spaces (spaces of functions) for which the logarithm
of the covering number (or metric entropy) is of order (1/¢).

Proof sketch. We only provide the high-level idea of the proof. First, by properties of the Lebesgue
measure in d-dimension, denoting 8,(r) is the £-ball of radius r > 0, we have

24



dj2

/s
Vol =—r
&) =t
where T is the Euler’s gamma function. Therefore, X // Y%
— €
D\d (_ >
Vol(©) < Vol(B,(D/2)) = (—) Vol(B,(¢)) . -
2¢ < | /
~—_/ 7

d
and thus approximatively (%) balls of radius ¢ are sufficient to

cover ©.

LetT > 1,¢D > 0. Let © be a compact convex subset of R such that maxg g ce ||0 — 0’|| < D. Let
O, be an e-covering of © with smallest cardinal. Then, for all sequences of f-Holder convex losses
f1,....0r : ©@ — [0,1], EWA played on the finite set of action ©, with optimized n satisfies the regret
bound

T T
e . 1
Rr £ Y 6(6) - min ;:1 4(0) < \/Td(logD+Blog(cT)).

t=1

Exercise 3.1. Provide a bound on the expected regret for random EWA when the losses and the decision set
are non-convex.

Let d = Card(0©,). Let us order the elements of ®, = {6(1),...,0(d)}. Therefore, at time t > 1,
EWA chooses a weight vector p; € Ay and predict the weighted average 6, = 22:1 p:(k)0(k) € ©.
Applying the regret bound of EWA, we get

>

t=1

Ma.

T
pe(R)&(0(k)) ~ min th(e( ) < 24/Tlogd. (3.2)
<j<d =

~
Ul

1

Let 6% € © and 9(k*) € O, such that ||6* — 0(k¥)|| < e. Because the losses are f-Hoélder and convex, we
have

M=

Rt = £ (0;) — £:(0%)
t=1
Convexity r d d
< D aOR) - 60— 0= p(k)O(K)
t=1 k=1 k=1
T d T
< Z kZ pe(K)&(0(K")) — £, (B(K)) + Z |e:(0(k")) - £,(0")
— =1 —
(3.2)
< 24/T logd + T max |£’t(9*) —t’t(ﬂ(k*))|
1<t<T
-Holder
g < 24T logd + TP
Len% . Tdlog (9) +cTéP .
£
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Optimizing # = 1/cT, hence £ = (cT)™"/#, we get

1
Ry < \/Td(logD + Blog(cT)) .
O

Though this algorithm is theoretically convenient since it can deals with general compact sets © and
general loss functions (which can be non-convex and non-differentiable). It suffers two considerable
drawbacks:

— computational complexity: the algorithm needs to consider a discretization space of cardinal
(X /e)¢ which is of order O(T4/F). This is prohibitive in practice.

— bad regret dependence on the dimension: the regret bound is of order O(4/dT log T). We will see
how to have no dependence on d when © is bounded in #;-norm.

3.2 The Gradient Trick (from linear to convex losses)

Setting: compact convex decision set ©, convex and sub-differentiable loss functions.

Here, we show how to generalize Chapter 2 to sub-differentiable loss functions ¢ : ® ¢ RY — R.

Definition 3.1 Sub-gradient

A sub-gradient of a convex function ¢; at point € © is a point in R?, denoted V£,(0), that sastifies the
convexity inequality:
Vo' € O, 6(0) — 6(0") < (V&(0),0-6").

To do so, we introduce the gradient trick that consist in linearizing the losses to apply the results of the
previous section. The idea is to apply previous algorithms on the linear losses (g;, 8) with g, = V¢£,(6,).
In this case, we have from the definition of the sub-gradients,

T T
Rr= )" 6(0) = 6(6") < ) (91,6, - (9:,6"),
t=1 t=1

where 0" = arg miny g Zthl £;(0). Hence, upper-bouding the regret with linear losses 6 +— (g, 6) also
upper-bound the regret with the true losses #;. The following theorem follows.

Let A be an algorithm that satisfies the regret-upper bound

T
D (96,60) = (9:,6%) < R(T. (,),0)
t=1

for some real-valued function R. Then, for any sequence of sub-differentiable losses £; : © — R, applying
A with g, = V£,(0,) achieves the regret upper-bound

T T
Ry ¥ Z £(0) - rgnigz £(60) < R(T, (V£(6:)),©) .
t=1 =
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This theorems shows that all results (Theorems 2.1, 2.7, 2.8 and 2.10) of Chapter 2 can be transposed to
convex loss functions 4 : © — R. Applyed with g, = V£,(6,), we get the following regret upper-bounds:

Rr < 2Ge\Tlogd (EWA, Thm 2.1)
Rr < D,GoNT (OGD, Thm. 2.7)
Ry < 2DRGr.V2a~1T (RFTL, Thm. 2.8)

The EG Algorithm When the decision space is the simplex © = Ay, applying the above trick to EWA
results in an algorithm called Exponentiated Gradient forecaster (EG). Recall that in this case we denote
the decision 6; = p;.

Example 3.1 (Prediction with expert advice (continued)). In prediction with expert advice, a sequence
of observations vy, ...,yr € [0,1] is to be predicted with the help of d expert advice x;(k) € [0,1] for
1 < k < d. The learner predict y; = Zzzl pe(k)x; (k) and suffers a loss €(ys, y;). If the loss function is
convex and Lipschitz in its first argument we can apply Theorem ?? with & : p — £(p - x4, y;). For instance,
with the absolute loss, G = 1 and EG satisfies a bounded regret with respect to any fixed convex combination

of experts:
T T
Z 9r =yl = glei({)lz |P X —y¢| < 24/Tlogd.
t=1 t=1

Hence, on the long run we perform as good as the best convex combination of the experts which may
outperform the best expert. This may leads to much better performance than a simple EWA on the experts if

xt(k) —yr

T T
minz ‘p *X: — Y| < min Z
pPE® = keld] =

Convex hull of finite point set It is worth pointing out that the simplex decision set Az can be
generalized with any convex hull of a finite point set S = {0(1),...,0(d)}:

d d
Conv(S) = {Zpl@(i) : Vi, p; > 0 and Zpi — 1} )
i=1 i=1

Transforming the loss functions, EWA can be applied to compete with such sets as shown by the
theorem bellow.

LetT > 1. Let® c R? be a convexsetand S = {0(1),...,0(d)} € ©¢ with diameter D; > max; ; ||0(i)—
O(j)1- Letty,...,fr : © — R be an arbitrary sequence of convex differentiable losses with bounded

gradient maxgce ||V (0)||co < Geo. Then, EWA applied with g, = Vi wheret, : p +— ¢, (Zlep(i)ﬁ(i))
achieves the regret bound

T T
Rr £ > 6(6) -, min > 6(0) < 2GD1\Tlogd,
t=1 t=1

€ Conv(S)

where 0, = Zizl pe(k)0(k)
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Such a trick can be used for instance to compete with the £, -balls using S = {6 € R : ||0||; = R, ||x]|o = 1}.
Since £,-balls are contained into the #-ball (of possibly larger radius depending on p) this can also be
used to compete against any £,-ball for p > 1. This trick was introduced by Kivinen and Warmuth
[1997] for the EG+ forecaster.
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4 Adversarial Bandits

4 Adversarial Bandits

In previous chapters, we considered the full-information feedback and the bandit feedback with stochas-

tic loss functions. In full information with finite decision set ® = [K]| o {1,...,K}, we saw the Random

Exponentially Weighted Average (EWA) forecaster. It is defined as
e7'7 22;11 s (k)

K _ t—lf‘ A
ijle ’723:1 s (J)

pe(k) = (EWA)
and draws 6, = k with probability p, (k). If —5£,(j) < 1 (see the proof of EWA in first lecture), it satisfies
the upper-bound:

T

T T K
log K
. . . 2 .
;:1 Pt b 1I§r}lsnK ;:1 t(j) <n § § pe(k) 6 (k)™ + —’7 . )

t=1 k=1

Since the decision 6; is random, we assume that ¢ cannot depend on 6; but may depend on past
information o (py, f1, X1, - - ., X;—1, pr). The above bound can be converted into a bound on the expected
regret for well-calibrated learning rate n

T T
= — mi < )
E[RT] E ; £:(6;) krél[lllg] ; t (k)| < 24TlogK

In this chapter, we will see adversarial bandits: that is bandit feedback (only ¢ (6;) is observed at the end
of round ¢ by the player) with an adversarial sequence of loss function ¢ (i.e., no stochastic assumptions).
Note that we turn back to losses instead of rewards but we will come back to rewards whenever it
makes the proof easier. Remember that the lower-bound on the regret in the worst-case is of order

O(VTK).

4.1 Adversarial multi-armed bandits

def

We consider Setting 1.1 with bandit feedback, finite decision space ® = [K] = {1,..., K} and adversarial
losses. To emphasize that the action is in [K], we denote by k; the action chosen by the player (instead of
0;). We do not assume the loss functions ¢ to be linear nor convex (the decision space is not). Similarly
to Random EWA the chosen action k; € [K] is sampled randomly from a distribution p; chosen at
round ¢ by the player. We will provide an algorithm called Exp3 inspired by EWA.

4.1.1 Pseudo-regret bound

Let us denote the regret with respect to action k € [K] by

T T
Re(k) £ > (k) = ) (k).
t=1 t=1
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Instead of minimizing the expected regret E[Rr] = E[maxy Rr (k)] , we will start with an easier objective,
the pseudo-regret defined as

Ry £ m[a%] E[RT(k) = max ]E[ Z b (k) — Z t’t(k)] (pseudo regret)

It is worth pointing out that the expectations are taken with respect to the randomness of the algorithm:
the decisions k; are random. We can distinguish two types of adversaries:

— oblivious adversary: all the loss functions #, . . ., f; are chosen in advance before the game starts
and do not depend on the past player decisions ki, ...,kr. In this case, the losses £ (k) are
determinist and there is thus equality: Ry = E[Rr].

— adaptive adversary: the loss function #; at round ¢t > 1 may depend on past information
o(ki, ..., ks—1). Itis thus random. By Jensen’s inequality maxje[k| E[RT(k)] < E[ maXge[K] RT(k)]
and thus Ry < E[R7].

The EXP3 algorithm Ideally, we would like to reuse our algorithm EWA that assigned weights

e~ et ts(K)

Vk € [K], k) = '
€ [K] pi(k) 25_21 e 1 X1 6 ()

(EWA)

Unfortunately this is not possible since the player does not observe ¢ (k) for k # k;. The high-level idea
of Exp3 is to replace ¢ (k) with an unbiased estimate that is observed by the player. A first idea would
be to use #; (k) if we observe it and 0 otherwise:

g0 (k) = { t;(k) ifk=k; <« ie., decision k is observed
t

otherwise

However, this estimate is biased:

Bk ~p, [gt(kt)] =pe(k)t: (k) # (k).

In other words, the actions that are less likely to be chosen by the algorithm (small weight p,(k)) are
more likely to be unobserved and incur 0 loss. We need to correct this phenomenon. Therefore we
choose

o1(k) = 10k = o), @)
which leads to the algorithm EXP3 detailed below.
EXP3
Parameter: n > 0
Initialize: p; = (%, e, Il()
Fort=1,...,T

- draw k; ~ p;; incur loss #;(k;) and observe ¢ (k;) € [0, 1];
- update for allk € {1,...,K}

e~ =195 (K) £, (k)

pt+1(k) ZK e ’723 19s(J) ’ where gS(k) - ps(k)

I{k = ks}

30



Then applying the Inequality () for EWA with the substituted losses g;, we get the following theorem.

LetT > 1. The pseudo-regret of EXP3 run withn = IIET is upper-bounded as:

Ry < 24/KTlogK .

Apply EWA to the estimated losses g;(j) that are completely observed (nonnegative but not
bounded), we get from Inequality (+) and taking the expectation:

T T T
E Z(Pn%) — min th(j)] < nZE[(pt,gt)z] . (4.2)
=1 JelK] = =1
Now we compute the expectations. Denote by ¥;_; = o(p1, b1, k1, - . ., ki—1, pr, £;) the past information

available at round ¢ for the adversary (which cannot use the randomness of k; but can use p;). Note
that ¢; and p; are ;_1-measurable by assumption. We have

(Jj)
¢ (J)

Fis| = Z (0 Sy = ky = ()

vielKl  Ela() o0

Fr- 1] E[ 1{j = k:}

thus the estimated losses are unbiased E[gt (j)] = E[{’t (j)] and

fl]]

K
= E[Zpt(j){’t(j)] = E[E[ft(kt)|7:t—1]] =E[6(k)].
=

K K
E[(Pt: gt>] = E[ ]Z:;Pt(j)gt(j)] = E[ ]Z:;pt(j)E[gt(j)

Therefore, we can lower-bound the left-hand side:

T
[Z@t,g» - min tho)] > max E[Z@t,g» - tho)]
Z b (ke) — Z ft(j)} =
t=1 t=1

On the other hand, the expectation of the right-hand side satisfies

= max E
JjelK]

- K K
E[(Pt’gt>2] = Zpt(j)gt(j)z] = [ZPt(])E[QtU)Z ’Tt—l]]
j=1 j=1

ESRS ft(]) 2
=B| 3 2 pp (5 {J—k})]
L j=1 k=1
gl i i ft(n }
- PR 1 = )

~
I

L j 1
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K
:E[th(j)z] <K.

=1

Substituting into Inequality (4.2) yields

Ry < log K

+nKT.

and optimizing n = \/KT/(log K) concludes. O

The issue with the above regret bound is that it bounds the pseudo-regret and not the expected regret.
This is because we have

T - T T
E| min )| < minE )] = min E 6(j
min Y00 | = minE| 300 = min | 360
but not

E

T 7 T
mjin;gt(j)_ £ E[mjin; ft(j)] . (4.3)

Hence, controlling the cumulative loss agains the best estimated action only controls the pseudo regret
and not the true regret.

4.1.2 High probability bound on the regret

Gains versus losses In this part, we will switch the analysis from losses ¢ (k) to gains g,(k) =
1 - £ (k) € [0, 1] because the core idea of the next algorithm is easier to see with gains. Remark that
the loss and gain versions are symmetric via the transformation g;(k) = 1 — £;(k). The regret in terms
of gains is defined as

T T
Ry £ k) - k).
T kfg[a%];gt( ) ;gt( )

Using EWA with full information from (+), if g, (k) < 1, we also have for gains the inequality

T T T ) IOgK 6’725;11 gs(k)
ma j) — , < - gr + , her ky=———. 4.4
13,-;%;%(]) ;<Pt g) U;Pt R n where p;(k) 25{:1 12 920)) (4.4)

High-level idea of EXP3.P The high-level idea of the next algorithm is to ensure that the estimators
g: (k) of the gains satisfy

E >E

T
max >, G:(J)

t=1

T
max ; gt(j)] (45)

so that controlling the performance with respect to the estimated gains (left-hand side) also controls the
performance with respect to the true gains (right-hand side). This was not the case of the estimators
used for EXP3 (see (4.3)). To ensure (4.5), we add a bias term f to the estimators g; (k) as follows:

def gt(k)]l{k = kt} +ﬂ

gi(k) = o) (4.6)
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In contrary to (4.1), the estimator is indeed biased

B[ (0I7i1] = g1+ L 7
where we recall that F;_; o a(pl, k1,91, ..., ki1, ps, g¢) contains the information up to time ¢ available

to the environment. We have the following Lemma:

For any § > 0, with probability 1 — § and f € (0,1),

ia 25] yj%g&

t=1

Let § € (0, 1), from Markov’s inequality, we have

T T T
B 502 Y0t - B2 < e (8 0 - 70) 2 57

T
< 5E[exp (ﬁz 9:(j) = g:(j) )}

It only remains to upper-bound the expectation in the right-hand side by 1, which we do now. Since

B € (0,1) and g;(j) = B/p:(j), we have (g:(j) — g:(j) + B/p:(j)) < 1. Therefore, we can use the
inequality e* < 1+ x + x? for x < 1, which entails

E[exp(ﬁ(gt(j)—@(j)))ﬁ—l}:E[e"p(ﬂ(gt(]) 9:(j) + pf)))

N ol o~ B
E (1+/5 g:(j) = +pt(j) +p (gr(J) —gt(J)+pt(].)) )

(47) (1+ﬁ2E|:(gt(j)_§t(j)+ 27’?—1})6_”%)

2

ool

2

7—;_1] e rt(h)

<

)
pe(J)
where the last equality is by (4.7) and because p; (j) is ¥;-1-measurable. Now,

9r()I{j = k:}
W« ()

[(gt(]) 9:(j) + ﬁ—l] = Var(g?(j) 7’?—1) = 7‘?_1)

B
AQ
(wumw=kgf
e (j)

1{j=
Pt(])2

Zpt(k)]l{j =k} 1

== 2 (P )

< Fr-1 7‘? 1

Substituting into the previous inequality and using 1 + x < e*, it yields

B\ pimo
1] < (1+ | )eﬂ ) < 1.
p:(j)

EFm@@w—@mUﬁ_

The proof is concluded by induction
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T
E[eXP(/J’Z 9:()) = 9:(j) )] [ [eXp(ﬁ(gr(j)—ﬁr(j)))

T-1
7—}] exp (/32 9:(j) = G (j) )]
t=1

<1

T-1
[exp (ﬁZ 9:(J) - gtm)
t=1

O

The issue with the estimators g;(j) € (0, +c0) defined in Equation (4.6) is that they might be unbounded
if the weights p,;(j) are close to zero. The condition ng;(j) < 1 which appeared in the proof of EWA
cannot hold for any > 0. Remark that this was not a problem for EXP3 with the preceding choice (4.1)
because —ng;(j) < 1 (see the proof of EWA for details).

The next algorithm called EXP3.P, is close to EXP3 but ensures the weights do not vanish to zero by
adding an exploration parameter y > 0.

EXP3.P

Parameters: n > 0, f € (0,1),y € (0,1)
Initialize: p; = (%, e, Il()
Fort=1,...,T

- draw k; ~ py; receive gain g, (k;) = 1-¢;(k;) and observe g;(k;) € [0, 1];
- update for allk € {1,...,K}

eUZs 195(k) Y

H=(1-y)————— + =
P = 0N st K

~ s (k)1 {k=ks
where g;(k) = g()’f#}w

The weights p; (k) of EXP3.P are necessary larger than y/K and thus |ng;(j)| < 1 as soon as n(1 +
B)K/y < 1. We get the following high-probability bound on the regret.

For well-chosen parameters y € (0,1), f € (0,1) and n > 0 satisfying n(1+ )K/y < 1, forany § > 0,
the EXP3.P algorithm achieves

Rr < 64/TKlogK +

TK
% log(1/6) .
with probability at least 1 — 6.

Remark that the above bound leads to a bound on the expected regret, with the choice § = 1/T it yields

E[Rr] < 6yTKlogK +

TK
— log(T) +1

The logarithmic dependency on T can even be removed using E[X] = fooo P(X > ¢)de.
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Proof of Theorem 4.3. Defining the weights that would assign EXP3,

w  €1Zm80)

q:(j) =

YK enZeia

we get from Inequality (4.4) applied with g;(j),

T T T

o N logK
mangt(ﬂﬁz%‘gﬂ"?zqt'ﬁ‘* & .
JelK] & = P 7

where we used g;(j) < 1 because n(1+ f)K/y < 1. Now, we use that p, R Y)q: + y/K, which
entails q; = (p; — y/K)/(1 —y) < p:/(1 —y). Substituting into the above inequality

T T T
~ . —~ logK
(1—)/)}2&54]2%(]) <> e Gi+n ) pegi+ ,gY : (4.8)
t=1 t=1 t=1

But by definition of g;,

K K
PG =) pr(NG() = D (9:(DIL = e} + ) = gi(ke) + KP.
j=1 J=1
and since p;(j)g:(j) < (1+ p),
K T
PGl < (14) ) ) 5i() < K(1+f) max th(n < max thw

t=1 Jj=1 t=1

M)~

Therefore, substituting into Inequality (4.8) gives

logK

(1-y) max th(J) = th(kt) +KPT +y max th(J) +

where we used (1 + )K < y/n. Reorganizing, we get

ogK

T
~ 1
(1 - 2y) max th(j) < th(kt) +KpT +
- =1

JjelK]
Using Lemma 4.2 together with a union bound (to have it for all j € [K]), we have with probability 1§

log(K/9)
p

log K

T
(1—2y)(]n§[z}(><];gt(j)— ) th(kt)+KﬁT+

and thus reorganizing and choosing y E 2nK 2 n(1+ p)K,

logK . log(K/9)

T T
max ) — k:) < KPT + +4nKT.
jE[K];gt(]) ;gt( t) B i n
The proof is concluded by optimizing 7 e (1/2)4/(log K) /KT and p e (logK)/(KT). O
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4.2 Contextual adversarial multi-armed bandits

Here, we consider the adversarial bandit framework in which the learner has access to some external
information (context) before making its decision. We turn back to the loss version of the game.

4.2.1 Adversarial multi-armed bandits with experts

We now consider prediction with expert advice in the bandit framework. The setting is the same as
the one described in Figure 1.1, but at the beginning of each round ¢ > 1, some expertsi = 1,...,N
propose recommendations h;(i) € [K]. These recommendations may be random and may depend on
past actions ks, s < t — 1 and past observations £ (ks). The loss of each expert is given by the loss of the
chosen decision ¢ (h;(i)) but only ¢ (k;) is observed by the learner. The goal of the learner is then to be
competitive with the best expert on a long run. To do so, it minimizes the pseudo-regret

T T
R = izr?axNE Z b (kt) = Z & (he (i)
seees =1 t=1

with respect to the experts. In order to bound the pseudo-regret, one could consider experts as the set
of arms and use EXP3. This would give a bound of order /TN log N. However it does not take into
account the information on the reward of all experts that choose the same action h; (i) = k;.

EXP4

Parameter: n > 0
Initialize: q; = (%, . %)

Foreachroundt=1,...,n

Get expert advice h;(1),...,h(N) € [K]

Draw an expert i; with probability distribution g; € Ay
Choose decision k; = h;(i;)

Compute the estimated loss for each decision

t (k)
pi (k)

Ll e

gi(k) =

Ik = k¢},

where p; S Zﬁil q: ()64, (i) € Ak.
5. Compute the estimated loss of the experts component-wise g; (h; (i))
6. Update the probability distribution over the experts component-wise

exp ( /D= gs(hs(i)))

, V1I<i<N.
Y exp (n 2Ey g5 (s ()

qrr1(i) =

EXP4 with n = \/log N/(KT) satisfies R;XP < 24/TKlogN.

Similarly to the variant EXP3.P, we can define a variant EXP4.P to bound the regret with high probability
(and thus the expected regret). Furthermore, the above algorithm (and theorem) can be extended to
the case where expert advice are distributions h; (i) € Ag. The algorithm is the same by sampling k;
according to h,(i;) and assigning to expert i the loss ZIk(:l he (i) (k)g: (k).
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We can apply the analysis of EXP to a learner using distribution g; over N actions (here experts)
with (full-information) losses g, (h;(i)) for i € {1,..., N}. We get from Inequality ()

T N

q:(i) - gt(ht(l) - m1n th h:(j) ] < ’YZ E[‘It l)gt h; l)) ] oiN- (4.9)

t=1 i=1

Remark that k; = h, (i) with probability g, (i) so that, k; follows the distribution p, = Zfil q:()0n, (i)
knowing the past information %;_; = o(hy, i, k1, ..., 01, ki1, hy). Now, similarly to the proof of

= {1,....K}

EXP3, we compute the expectations. We have for all k € [K] =

£ (k)
t(k)

1{k = k;}

Fioa | = Zm( )ff(k)n{kw}:ft(k),

B9 (k) Pty

AL

and thus for alli € {1,...,N}
E[gt(ht(i))

?2-1] = (h: (1)), (4.10)
and

N

Fr-1 Z (D) (he (D))

= B[ (he(ir)) |7:t ] = E[ft(kt)|7‘;—1]- (4.11)

N N
E Z q: (i) - 9: (he (1)) 7:1‘—1] = Z qt(i)E[gt(ht(i))

Furthermore,

E[gt(ht( )

() ) oy @) 1
Fi- t I{k=h(i)} = = ’
1] E pe(k )( (he (D)) { 0} pe(he (D)) < pe(he(D)

and

th I)E[gt(ht l)

1
} - E[Pt(kt)

2|lg ] ZN q:(i) [ 1 F
o ‘= Pr (ht(l)) pr(he (i =
(4.12)

Substituting (4.10), (4.11), and (4.12) into Inequality (4.9) and lower-bounding the expected regret with
the pseudo-regret, we get

T
SeX def .
RT p = ll’snlas)](\]E ; [ (kt) — ft(ht(l))]
(110)411) SRS
= mxE ;;qtu)gt(w) —gt(htu))]
Jensen r
SR Z} 4e(D)ge (he (D)) - 1r<r§1<nNgt(ht(z>)]
T N
(4.9) log N
< 0 Elae )]« 2
=1 i=1
(4.12) log N
< nKT + .
Optimizing 1 concludes the proof. O
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4.2.2 Adversarial multi-armed bandits with side information

A natural extension of the previous setting is by adding side (or contextual) information: this is
called contextual bandits. It arises in most applications such as recommendation systems or online
advertisement. The side information can then be the cookies of a new user to which we need to
recommend a product.

Assume that for each time step ¢t > 1, before doing its prediction k; the learner observes a context x; in
a finite set X of contexts. The learner must than learn the best mapping g : X — [K] and is evaluated
with the contextual pseudo-regret:

T T
’ t=1 t=1

Similarly, to the stochastic setting, if X is finite, a simple algorithm consists in running a different copy
EXP3(c) of EXP3 for each context ¢ € X. We denote by X-EXP3 this algorithm. At each time step t > 1,
the learner uses EXP(x;) to make the prediction. The following theorem follows from Theorem 4.1.

The contextual pseudo-regret of X-EXP3 is upper-bounded as:

RY < 24/TIX|K logK .

Applying the proof of the pseudo-regret bound of EXP3 for each instance x € X:

T

D (6 k) = () 1 {x, = x}

t=1

max E

< 2+/K(log K) Ty,
max (log K)Tx

where T, = 37, 1{x, = x}. Summing over x € X,

T

D (k) = () 1{x: = x}

t=1

<2 Z \/K(logK)T " 2VIX[K(log K)T

xeX

where the last inequality is by using the concavity of the square root together with > ;. x Ts = T. The
proof is concluded by remarking that the left-hand side is the contextual pseudo-regret. O

Similarly to the classical lower-bound O(VTK), a lower-bound of order +/|X|KT holds under the
assumption that a significant proportion of the contexts are used at least a constant fraction of the T
rounds. The above bound is nice but the dependency |X| might be annoying if X is large.

Exercise 4.1. Generalize the above algorithm and upper-bound when the context-space is continuous and
the loss functions are -Holder in the contexts.

Competing against the best context set

In some cases, one may want to combine bandit algorithms. For example, we could have in hand
different context set X. For each of these sets X, we can bound the pseudo-regret R}\’ using Theorem 4.5
with X-EXP3 of Section 4.2.2, but we would like to find the best set X. To do so, we may want to
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combine with EXP4 different instances of X-EXP3, each using its own context set X. We can then
combine the bounds of Theorem 4.4 and Theorem 4.5 to ensure we are competing with the best possible
context set X. In this case, each instance of X-EXP3 does not observe their own choice of action but the
action chosen by EXP4 which follows a different distribution. The bound of Theorem 4.4 is valid but
the regrets of the experts cannot be bounded using Theorem 4.5. It is however possible to use a variant
of EXP4 to combine bandit algorithms by adding an exploration parameter. We then lose however in
the rate of the regret bound which is then of order

m{\ng}\’ < O(T2/3(max |X|K10gK)1/3\/10gM)

where M is the number of context sets X. We refer to Section 4.2.1 of Bubeck et al. [2012] for more
details on this application.

4.3 Online convex optimization with bandit feedback

In the previous sections, we saw how to deal with bandit feedback when the decision set is finite
© = [K]. The goal of this section is to extend to bandit feedback the general framework of online
convex optimization of Figure 1.1 for any compact and convex decision space ® c R?. Here, at each
round ¢t > 1, the learner picks 8, € © and observes £, (6). When gradients are observed, one may choose
0; by following online gradient descent (OGD):

Orr1 = He(0: —nVL(0r)) . (OGD)

Theorem 2.7 showed that the regret of OGD for well-chosen learning rate n > 0 is upper-bounded as:

T T
= — mi <
Rr ; 4 (0r) un ;1 (0) < DGVT,

where D > maxg g eco ||0 — 0'|| and G > maxgep ||V (0)||. Here, we aim at answering the following
question:

“How to adapt OGD to the bandit setting, when #;(6;) is observed but not V£, (6,)?”

Similarly to EXP3, the idea is to replace the gradient in OGD with estimators. That is to try to find a
random variable g, that satisfies E[gt] ~ V{£;(0;) and which can be computed with the observation at
hand.

4.3.1 Estimating gradients from value observations

One-dimensional example. Let us first, consider the one-dimensional case, let £ : R — R be a
one-dimensional diffentiable loss function. Is it possible to design an estimator of ¢'(6) by evaluating ¢
in a single point? It turns out that this is the case. Indeed, the derivative in 0 can be writen as

2(0+8)—€(0-9)
25 '

7 (0) = li
©) lim

Thus, denoting ¢ a Rademacher random variable (which equals 1 with probability 1/2 and —1 otherwise)
and defining g(0) = %ﬂ(@ + £5), we have

L0+ 1 —4(6-9)

E[g(0)] = % 5 5 ~ £'(0)

[\
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if § is sufficiently small. Therefore, for a small value of §, g(0) is approximatively an unbiased estimator
of ¢/(0). Note that g(0) can be computed by evaluating the function ¢ a single time at a random point
close to 6. On the other side, on may compute

(O +8)+£(0-0)\" _ £(0)?
26 T8

Var (9(9)) =

which may explode as § — 0. Thus, § will need to be chosen carefully to optimize a bias-variance
trade-off.

Multi-dimensional case. We now formally extend the above point-wise estimator to the multi-
dimensional case. To do so, we first need to define #; a smoothed version of the loss by: for all § € ©

£(0) = E,[£:(0 + 6v)],

where v ~ Unif(B) is a uniform random-variable over the Euclidean unit ball B := {x € R? : ||x|| < 1}.
The following lemma follows from Lipschitzness of #;, and states that ¢, is a §G-approximation of .

Let§ > 0. Then, |(0) — £(0)| < 8G for all 6 € RY.
Now, define the estimator

d . .
gr = St’t(ﬁt + Sup)uy  with uy ~ Unif(S) (4.13)

where § = {x € R? : ||x|| = 1} is the Euclidean unit sphere. Then, the following lemma states that g; is
an unbiased estimator of #.

Let £(0;) = Ey[£:(6; + 8v)| witho ~ Unif(B) and g, = $£,(6; + Sus)u, withu, ~ Unif(S). Then,

B, [gt] = VZ’;(Gt) .

The proof'is a consequence of Stokes’ theorem that states that for any continuously differentiable

function f : R? — R,
/Vf(x)dx = /f(x)xdx,
B S

applied with f : x — £(6; + 6x) and Vf(x) = V£ (0, + bx). Denoting by u the Lebesgue measure, we
then have

dp(B) dp(B)
= —4; (0 +6u)udu = Ve, (0;+6v)d V6 (0,+80)| = —2V8(60:),
Eulg:] = (S)/ + (0 +Su)udu (S)/ +(0:+6v)do = (S) [ 1 (0r+ 0)] 4(S) +(0r)
where the last inequality is by intechanging the derivative and the integral. The proof is then completed
by noting that du(B) = u(S). O
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4.3.2 OGD with bandit feedback

Noting that the above estimator g; can be computed with a single evaluation of ¢ at the random point
0; + Su;, we may define the Online Gradient Descent algorithm with bandit feedback.

Online Gradient Descent with bandit feedback (OGD without gradient)

Parameters: n > 06 > 0
Initialize: 0; € g arbitrarily chosen in O := {9 €Ost.YueS,0+8uc 8}
Fort=1,...,T
— Draw u; uniformly at random in the unit sphere.
— Set é\t := 0; + du; a random perturbation of the current point 6,
- Play é}
— Incur and observe loss {’t(é\t) € [-1,1]
Estimate the gradient with

d ~
gr = Sft(et)ut

Update
Or1 = H@)(@t - Ugt) .

where Ilg; is the Euclidean projection onto ©s.

We have the following theorem.

If the losses £, are G-Lipschitz and take values in [—B, B], then OGD without gradient with parameters
d = min {D, % d}%DT_I/‘I} and n = 8D/(dBNT) satisfies the expected regret bound

T T
DN _ i 3/4
E[; (0;) %1; £(0)| < 2dBVT + 4VdBGDT?/* .

The above regret bound is sub-optimal and more sophisticated algorithms achieve O(VT) but with
worse dependency on d and higher computational cost.

We define
T

0" = arg minz £:(0) and 05 =1Ile,(0).
0c® =1

Then, by definition of ©5 := {9 € O©st.0+6u € ©forallu € S}, we have | < 6 (left as

exercise). Thus, if the losses are G-Lipschitz

6" - 6;

T

T
m:ﬁZm@—me]
t=1

t=1

T
+0TG  « because ||0" - 05| <&
t=

T
sﬂZM@—ZM@
t=1

1
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T
6(6) ~ > 4(6)| +25TG because |18, — 6,]| < 5

t=1

T
ACAEDIA)

t=1

MH EMﬂ

+45TG < because | (0;) — £:(0;)| < sup 1&(0; + 6v) — £:(6;)] < G

lloll<1

~
Il
—_

(4.14)

where 7,(0) = E, [{’t(G + 50)] with v ~ Unif(B) are the smoothed versions of the losses.

Now, recall that the algorithm runs OGD with g, in place of the gradients:
0141 < Tlos (0; — ng:)
Defining the pseudo-loss h,;(8) = 2(0) + (g: — V¢,(6,)) 760, we can see that
Vhe(0) = VE(00) + gt = VE(00) = gr.

Therefore, the algorithm actually runs OGD on the losses h; and thus satisfies the OGD regret bound

(see Theorem 2.7)
T
" ’7 2
Z he(6)) - Z h(6)) < +5 Z; lgell”
Furthermore, by construction of the gradient estimator, we have E,, [gt] = VE(@t), which yields

By, [hi(6:)] = 4(6:) and By, [h:(05)] = &(63) .

Thus taking the expectation in the previous regret bound entails

[Z &(0,) - Z a(%)] [Z he(6r) - Z he (65)

Combining the two bounds (4.14) and (4.15) that we have proved, we get

T
<— g;E[ngth]. (415)

2

T
n
R <— = +46TG.
r< g+ g 2 Ele]

Then, since |£;(0)| < B for all 8 € ©,

d ~\2 d°B°
2 _ —_
ool = (@) < =
This finally yields the regret
D?  pd?B°T "
Rp < -+ —o— +48GT = —\/_+45GT < 2dBVT +4VdBGDT
n
for the choices of § and . O
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Coordinate gradient descent. In some situations, the full gradient V£ (6;) is too costly to be
computed at each step, and one only observes the gradient of a single coordinate k; ~ Unif(d). In this
case, one may use OGD (or OMD, or EG) with the gradient estimator

gr = dV[t(et)ktekt s

where {e;} are the elements of the canonical basis in R?. Here,

d
By, [9:] = ) dVe(0)kexP(k; = k) = V£ (6,),
k=1

and .
Bi, [llgel?] = ) d*Ve (0 llexl"P (ke = k) = d[[ Ve (0)]1* < dG*.
k=1

Then, following the proof of OGD, for the update rule 8,1 = Ile(6; — ng;), we get the regret bound in
expectation

T T 272 2
. nd“G*T D
E[Rr] =E £:(0;) — 4(0)] < + — =GDVdT,
Rr) =] 0~ in Y 00| < 15 70 = G0V
where we optimized over n = D/G(dT)~'/? in the last equality. The regret bound of OGD is deteriorated
by a factor Vd compared to OGD with full gradient observation.
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5 Stochastic Multi-armed Bandits

5 Stochastic Multi-armed Bandits

During the last few chapters, we have reviewed the framework for comprehensive information. We
designed algorithms to minimize regret for the different decision spaces ® and loss assumptions f;.
Most of the algorithms were based on variations in the exponentially weighted average forecaster or
online gradient descent. We also found some links with game theory, including the Blackwell approach,
two-player zero-sum games, and calibration.

In this chapter, we consider the bandit setting, when the player only observes the performance of f; (6;)
but not f;(0) for 8 # 6,. We will start by providing fundamental results for stochastic bandits with
finitely many actions, also called K-armed bandits which basically corresponds to ® = {1,...,K} and
ii.d. loss functions f;. For a thorough introduction to stochastic bandits we refer the interested student
to the monographs Bubeck et al. [2012] or Lattimore and Szepesvari [2020].

5.1 Setting: stochastic bandit with finitely many actions

We state here the setting of stochastic bandits with finitely many actions (also called multi-armed
bandit) and fix notations that we will use.

A multi-armed bandit problem is a sequential decision problem defined by a finite set of actions

oY {1,...,K} also called arms. We assume that there are K unknown sequences X;1,X;2,... of

rewards in [0, 1] associated with each arm i = 1,..., K. At each round, the player makes a decision by
pulling an arm k; in © and observes the corresponding reward' X, ;. The objective of the player is to
minimize his cumulative regret:

T T
Rr £ max > Xer— > X
k=l =1 =1
In stochastic bandits, we generally assume the sequences to be i.i.d. Each arm k = 1, ..., K is associated

an unknown probability distribution v over [0, 1] and X ; ~ v¢. We also denote

e = E[Xk.], and u* € arg max{y} .
k=1,...K

The player aims at finding the arm with the highest mean reward py as quickly as possible. The setting
is summarized in Setting 5.1. Note that we retrieve the setting of online optimization (Setting 1.1) with

the notation X , - f (k) with i.d.d. loss functions.

!In the bandit community, it is more common to consider rewards rather than losses.
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Unknown parameters: K probability distributions vy, ..., vk on [0, 1]

Ateachtimestept=1,...,T
- the player chooses an action k; € © = {1,...,K};
- given k;, the environment draws the reward Xi, ; ~ vi,;
~ the player only observes the feedback X, ;.

Setting 5.1: Setting of stochastic bandit with finitely many actions

Multi-armed bandits have several concrete historical applications in a variety of fields, including ad
placement, clinical trials, source routing or game AL The name bandit refers to the “slot machine” in
casinos, and the bandit problem corresponds to a player that inserts coins into different machines
and tries to maximize his payoff. The finite arms bandit settings we consider are simple enough to be
analyzed and the algorithms can often be generalized to more realistic settings including for example
contextual bandits.

Remark. Assume that all arms vy ~ B(1/2) fork =1,...,K. Then, E[Xy,] = 1/2 and E[X, ] = 1/2.
But because of fluctuations of random walks, the expected magnitude of the maximum rewards is of order

T
E[knllaXKZXk’"} ~ \/TlogK.

Therefore, in this case though all arms are optimal, the expected regret is of order \/T log K. We will
thus consider a more quantity in the stochastic framework called the pseudo-regret which corresponds to
competing with the best action in expectation, rather than the optimal action on the sequence of realized
rewards.

Definition 5.1 Pseudo-regret

T
Rr £ Ty —E[Z#kt]:
t=1

The pseudo-regret is defined as

where we recall p = E[ X ;]

Remark that the pseudo-regret is upper-bounded by the expected regret Ry < E [RT]. It is thus harder
to design algorithms for the true regret but we will focus here on the pseudo-regret.

Useful notation In the following, we will denote by 7 (s) the empirical mean of rewards obtained
after pulling arm k s times. Let us also denote for all arms k = 1,...,K by

def 4

t
A = @' - and  Ni(t) = Z]lkt:k,
s=1

respectively the suboptimal gap of arm k and the number of times the arm k was pulled by the player
before time t. Then, the pseudo-regret can be rewritten

K K K
Ry = (ZE[Nk(t)])u* —E(ZNkwk) = > ME[Ne(1)] . (5.1)
k=1 k=1 k=1
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We recall Hoeffding’s inequality that will be used in the proofs. We will often use Azuma-Hoeffding’s
inequality which is a generalization of Hoeffding’s inequality to martingals.

If Xy, ..., X, are independent random variables almost surely in [a, b] then for all § € (0,1) we have

P{ixk—la[zn:xk] > (b-a) glog%} <s,

or equivalently for all e > 0

n n 22
P{;Xk—E[ZXk] ZE} Sexp(—n(b—ia)z).

t=1

5.2 Explore-Then-Commit (ETC)

Contrary to the full information we examined earlier, the player only observes the rewards of the
chosen actions. He must therefore make a trade-off between exploration and exploitation. The first
bandit algorithm that we consider is Explore Then Commit (ETC). It consists in first performing an
exploration phase of mK length in which each arm is pulled m > 1 times. Then it exploits by pulling
the arm with the best empirical reward for the remaining rounds. It is summarized in Algorithm 5.1.

Parameter: m > 1.

1. Exploration

— Forrounds t = 1,...,mK explore by drawing each arm m times.
— Compute for each arm k its empirical mean of rewards obtained by pulling arm k m
times

Km
— 1
fie(m) = — " X, A{k; =k}
m s=1

2. Exploitation: keep playing the best arm arg max;. fir(m) for the remaining rounds ¢t =
mK+1,...,T.

Algorithm 5.1: Explore-Then-Commit (ETC)

If1 <m < T/K then
K K
RTSmZAk+(T—mK)ZAkeXp(—mAi).

k=1 k=1

Assume without loss of generality that the first arm is optimal, i.e., y; = p* and A; = 0. From (5.1),
we have

K
Rr =) ME[Ne()] .
k=1
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Let k > 2 be a suboptimal arm. Then, the arm k is selected m times during the exploration phase, and
T — mK times during the exploitation if k is selected, which implies i (m) > 1 (m). Therefore,

E[Ne(t)] < m+ (T~ mK)P(fie(m) 2 fi(m))

Now, we can use Hoeffding’s inequality to control the probability in the right-hand side. Indeed ji (m)
and p; are respectively the empirical averages of m i.i.d. random variables in [0, 1] of mean p; and
p1 = p*. Therefore,

B (T (m) - i (m) > 0) = P(fi(m) - i (m) — e+ g > —pu + )

= P(k (m) — i (m) = p + i1 = M)
= P(mpix.(m) — miiy (m) — mpg + mpy > mA)
<exp(-mAl).
This implies
K K
Rr < mZAk+(T—mK)ZAkexp(—mAi).
k=1 k=1

O

The bound in Theorem 5.2 illustrates the trade-off between exploration and exploitation. If m is large,
the exploration is too long and the first term m Zle Ay yields a large regret. On the other hand, for
small m, there is a large probability to choose a suboptimal arm during the exploitation and the other
term might lead to a large regret. The question is which value of m should we choose?

To have an idea, we will consider the case K = 2, in which case the bound is

RT < mAz + TA2 exp ( - mAg) .

IfK = 2 and m = max {1, [log(TA2%)/AZ] }, then

1 +log (TA2)

Rr < Ay +
T 2 A

The above bound is of order O((log T)/A;). Such bounds are called distribution-dependent because
they heavily depend on the distributions v via Ax. If A, — 0, it explodes. However, we also have

from (5.1) that Ry < A,T. Therefore, in the worst case for any value of A,, Corollary 5.3 yields to the

worst-case bound ,
_ 1+1log (TA
Rr < min {TAZ, Ay + %} < \TlogT. (5.2)
2

The above bound is close to be optimal. Yet, the issue is that the parameter m depends on A, and T. If the
dependence on T can be dealt with a doubling-trick it is harder to optimize it in A,. Furthermore, when
there are more than two arms, one might want to explore differently the arms. The upper-confidence-
bound algorithm that we will see next does not have these issues.

Exercise 5.1. Show that it is possible to achieve the worst-case bound on the pseudo-regret of order O(T?/3)
by optimizing m independently of A (only with T).
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Exercise 5.2. Generalize the results of Theorem 5.2 and 5.3 when the rewards are not-bounded but
o%-sub-Gaussian, i.e., forallA >0

)LZO'Z) .

E [exp (A Xy — E[Xk,t]))] < exp ( 5

5.3 Upper-Confidence-Bound (UCB)

The UCB (Upper-Confidence-Bound) algorithm is a very popular bandit algorithm that has several
advantages over ETC. It does not rely on an initial exploration phase but explores on the fly as rewards
are observed. It explores and exploits sequentially throughout the experience. Unlike ETC, it does not
require knowledge of gaps and behaves well when there are more than two arms.

To perform exploration and face uncertainty, the UCB algorithm is based on the optimism principle.

For each arm k, it builds a confidence interval on its

expected reward based on past observation T=528
o
Ii(t) = [LCBy(k), UCBy (1) | N ° U
where LCB is the Lower-Confidence-Bound and UCB is f - " &
the Upper-Confidence-Bound. Then it is optimistic acting %
as if the best possible rewards are the real rewardsand T o |
chooses the next arm accordingly Q - n
=i i
k; € argmax UCB(t). 8 =3 $
ke{1,..K} =
o oo ) 1
In other words, it pulls the arm with the higher upper- © oS 7]
confidence-bound. An example of how UCB works with =
three arms of means y; = 0.1, y, = 0.6 and p3 = 0.3 o Al :

is plotted in the Figure on the right. The best arm is 33 4 43 52
pulled more often (see x-axis for number of times arms

are selected) and his confidence interval is smaller. Arm

The only question is how to design the upper-confidence-bounds. This is based on Hoeffding’s inequality.
Since the rewards are i.i.d. the distribution of i (s) is equal to the distribution of

1 S
; Z Xk,s’ bl
s’=1

with mean p. Therefore, from Hoeffding’s inequality, we have for all arms k € {1,...,K} ,foralls > 1

and all § € (0,1)
R log &
Pqpge > pr(s) + 75 <9é. (5.3)

where [ (1) is the empirical reward of arm k after pulling it ¢ times. Therefore, it is reasonable to choose
the upper-confidence bound

00 if Ne(t=1)=0

Ik (Ni(t=1)) + % otherwise

UCBt(k) = {
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The UCB algorithm is described in Algorithm 5.2.

Initialization For rounds ¢t = 1,...,K pullarm k; = ¢

Fort=K+1,...,T, choose

- 2logt
k, € argmax 45 (Np (£ — 1)) + | ——82_ 1
! ke{gl,...,K} {ﬂk ¢ Ni(t—1)

and get reward X, ;.

Algorithm 5.2: Upper-Confidence-Bound (UCB)

If the distributions vy have supports all included in [0, 1] then for all k such that Ay > 0

8log T
2
Ay

E[Ne(T)] < +2.

In particular, this implies that the pseudo-regret of UCB is upper-bounded as

_ 8log T
Rr<2K+ ) %8
Ak
k:Arp>0

Remark. Let us make some remarks about the about upper-bound on the pseudo-regret.

— UCB has a regret bound of order
_ KlogT
Rr < ,
A
where A = min;.a,~o A;. Once again, using that the regret incurred from pulling arm k cannot be
larger than T Ay, this distribution-dependent upper-bound can be transformed into a distribution-free
bound of order Ry < \/TK log T. We leave this proof as an exercise.
— This bound is close to optimal since the lower bound is of order O(NKT). There exists modification
of UCB to get rid of the extra logarithmic term. For instance, the MOSS algorithm (Minimax Optimal
Strategy in the Stochastic Case) achieves

_ . K TA?

Rr mm{VTK, X log 7} ,
however it depends on the smallest gap A only and not on all gaps A;.

— The assumption that the rewards are independent between arms can be relaxed.

— The assumption that the rewards are in [0, 1] can be relaxed to a sub-Gaussian assumption.

— While a bound on the pseudo-regret is interesting, one would actually want a bound with high

probability on
T
5 def *
Re & Ty = e
=1

Using Hoeffding’s inequality to control Rr with Ry = E[Ry] would yield an additional term of
order N'T due to fluctuations which would dominate O(Klog T/A). Obtaining a bound of order
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O(KlogT/A) on Rrisa challenging problem and not achieved by UCB. Some strategies using the
knowledge of T can satisfy it.

Without loss of generality let us assume that the first arm is optimal, i.e., y; = p* and A; = 0. We
show below that if k; = k, then at least one of the following three inequalities must be satisfied

—~ 2logt
> m(N (e =1)) + ﬁél) « y* larger than UCB ()
—~ 2logt
Ui < Hk (Nk(t - 1)) - % «— i smaller than LCB (i1)
8logt
Ne(t—-1) < —; «— k not played enough yet (iii)

k

Indeed, otherwise assume that the three inequalities are all false than

- 2logt
Ni(t—-1 ——— > t (i
H1(Ni( ) + Nl(t—l)_ﬂ «— not (i)
> g+ Mg «— Defof Ag
f 2logt
>l + 2 ﬁg—l) «— not (111)
— 2logt
> (N (t—1)) + ﬁgil) «— not (ii).
This contradicts the fact that k; = k (see Algorithm 5.2). Therefore, denoting u = LSIOgTJ we have
T T
B[Ne(T)] = Y B [1ek] =u+ Y Pl = k and (i) is false |
t=1 t=u+1
T
= Z (P{(l) or (11)})
t=u+
T
<u+ Y (P{(i)} +1p>{(n)}) . (5.4)

t=u+1

|
<

Therefore, it suffices to control the probabilities of (i) and (ii), which we do now. At round ¢ > 1,

- 4
ZP{IJ >u1(s)+\/m}

5.3) o .
<Zf
S=

—
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By symmetry, the same applies for P{(ii)} < t73. Combining into (5.4), it concludes the proof of the
first inequality

8log T Lo 8log T
B[Ne(T)] < —3—+2 Dt — *2
k t=u+1 k
The upper-bound on the pseudo-regret follows from (5.1). O

5.4 Other algorithms

Other algorithms exist in the literature. The best known are e-greedy and Thompson sampling.

5.4.1 e-greedy

The idea of ¢-greedy is very simple: first choose a parameter ¢ € (0, 1), then at each round, select
the arm with the highest empirical mean with probability ¢ (i.e., be greedy), and explore by playing a
random arm with probability e. It works quite well in practice and is used in many application because
of its simple implementation (in particular in reinforcement learning). Choosing ¢ ~ K/(A*T) yields to
an upper-bound of order K log T/A?. However it requires the knowledge of A.

5.4.2 Thompson Sampling

Thomson sampling was the first algorithm proposed for bandits by Thomson in 1933. It assumes a
uniform prior over the expected rewards p; € (0, 1), then at each round ¢ > 1, for each arm ., it

- computes Vi, the posterior distribution of the rewards of arm k given the rewards observed so
far;

- samples 0y ; ~ Vi, independently;

- selects ky € argmaxyc(; gy Ok

Thomson sampling has a similar upper-bound of order O(K log T/A) than the one achieved by UCB.
An advantage over UCB is the possibility of incorporating easily prior knowledge on the arms.

5.5 Lower bounds for multi-armed bandit

In this section, we essentially state that the regret bound of UCB

_ log T
Rr < min{ KT logT, Z OAg
k

k:Ap>0

is close to optimal regret for multi-armed bandit.

5.5.1 Distribution-free lower bound

The next theorem shows that the previous results are not improvable (up to log factors).
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For any forecaster, there exists distributions vy, . .., v such that

RT > VKT .

The complete proof can be found in Bubeck et al. [2012]. We only present here the high-level idea of the
proof. We design the adversary as follows: it generates i.i.d. Bernoulli rewards such that E[X,] = 3
forall k € {1,...,K} except for one arm k* where E[ X}, ] = % + €.

— Fact 1: to distinguish between a Bernoulli of parameter 1/2 and a Bernoulli of parameter 1/2 + ¢,
one needs 1/¢* samples. This result can be proved formally by using Pinsker’s inequality. The
intuition goes as follows. From the Central Limit Theorem (or the distribution of a Binomial
random variable), after T; observations of an arm k, on can estimate its mean with an error of
order 1/vTk. In other words, to estimate it with an error smaller than ¢, one needs T, ~ &2
observations.

— Fact 2: at least one arm is sampled less than T/K times.

Assume that this arm is k*, than the learner cannot distinguish it with other arms as soon as Ty~ <
T/K < e72, which corresponds to ¢ < 4/K/T. Choosing ¢ = 4/K/T, the pseudo-regret is than at least
(1-1/K)Te ~ Te ~ VKT.

5.5.2 Distribution-dependent lower bound

Here, we show that the distribution dependent upper bound is not also optimal in the case of Bernoulli
rewards.

A caveat with distribution dependent lower bounds is that for any distribution, there exists an algorithm
with no-regret. For instance, consider a distribution vy, . . ., vk such that v; is optimal (i.e., gy = maxy pir),
the the algorithm that pull always the first arm will have zero regret. Yet such an algorithm will incure
linear regret for some other distributions.

Hence, the following theorem states that any algorithm that incure sublinear regret for all distributions,
achieves at best a pseudo regret of the same order of the one satisfied by UCB. The proof can be found
in Bubeck et al. [2012].

Bubeck et al. [2012

Consider a strategy such that ]E[Nk(T)] = O(T*) for any Bernoulli distributions, all suboptimal arms k
and some a > 0. Then, for any Bernoulli distributions with means i, we have

R *(a-p
T=eo 08 k:Ap>0 k

Note that the only difference with UCB is the factor p* (1 — g*) which corresponds to the variance of the
best arm. In the case of Bernoulli noise, the KL-UCB algorithm can take advantage of the knowledge
that the rewards are Bernoulli to close this gap.
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6 Stochastic Contextual bandits

6 Stochastic Contextual bandits

During last chapter, we considered the finite-armed bandit setting and saw several algorithms (ETC,
UCB, ¢-greedy, Thomson sampling) that achieve sublinear pseudo regret. UCB achieves for instance

K
] log T
Rrsmin{ > OAg , JTKIogT !,
k

k:Ap>0

where A, £ ¥ — iy is the suboptimality gap of arm k. The first bound is distribution dependent (it
depends on the gaps Ay) and is of order O(log T') while the second bound is distribution free but is of
order O(VT). In this chapter, we consider the more practical setting of contextual bandits, in which the
learner observes a context ¢; € C before choosing the action k;.

In most applications, before choosing an action k; the player observes some context c¢; € C.

For instance, consider a bandit problem in which the player needs to display ads on his website. At
each new visitor, the player chooses an add to display and observes if the visitor click on it. The reward
is one if there is a click and 0 otherwise. In this case, the player can see the cookie of the visitor before

choosing the ad. A first step towards contextual bandits, is to consider continuous sets of actions X,
which may correspond to mapping between context and arms.

6.1 Continuous stochastic bandits

Let first generalize the finite-armed bandit setting to continuous set of arms in Setting 6.1.

Unknown parameters: v(6), for each @ € [0,1]¢, a probability distribution on [0, 1] with
expectation p(6) € [0, 1].

Ateachtimestept=1,...,T
~ the player chooses an action 6, € © C [0, 1]¢;
- given 0,, the environment draws the reward Y; ~ v(6;) independently from the past;
— the player only observes the feedback Y;.

The player wants to minimize its pseudo-regret defined as

T
Rr = Ty ‘E[Z“(‘)t)]’
t=1

where p* = supy.g p(0).

Setting 6.1: Setting of stochastic bandit with continuous set of actions
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Similarly to what we did in the full-information setting with
EWA, if the expectation function p is f-Hélder: i.e., there exists e

c>0 (_\_ J \>B€

Vo0 € X |u(6) - u(0)| < o -], \

then we may discretize the action space © and run any discrete T
bandit algorithm (UCB, ¢-greedy....).

Let f > 0 and ¢ > 0. Assume that pi is f-Hélder. If UCB is run on an e-covering of minimal cardinal of

© c [0,1]%, then it satisfies
_ [T log(T
Rr < TP + %() )
€

B
log T \ 25+d
T .

1
log T ) 2p+d

In particular for e ~ ( L , we have Ry < T(

An optimal e-covering of [0, 1]¢ has cardinal of order K ~ ¢, Let x* € arg maxyq f(0) (we
assume that it exists) and 6" its e-approximation, then the distribution-free upper-bound of UCB yields

Rr < T(u(0%) — u(6)) + VKT log T ~ cTef + \Je=4Tlog T .

The second part of the theorem is obtained by obtimizing ¢. O

To build the discretization, both f and T need to be known in advance. The horizon T can be calibrated
online through a “doubling trick” (left as exercise). The parameter  may be tuned through bandit
with experts (or bandits where arms are bandit algorithms) that we may see in next lecture (see Exp4
algorithm).

_d
Note that the per-round complexity of such an algorithm is of order ¢e~¢ ~ T%+ Quite surprinsingly it
does not explodes with the dimension d and is always smaller than T. This is due to the fact that the
higher the dimension d is, the worse will be the regret bound, and the cruder needs the discretization to

be.

6.1.1 Contextual bandits through discretization

No we consider the following contextual bandit setting in which the player has a finite decision set

© = {1,...,K} but observes a context x; € X before choosing his action.
Finite set of contexts If the set of context is finite X = {1,...,]X|} we can denote
T

Rr(e) € E| D (1 (x) = plkt,x)) Lo

=1
the pseudo-regret due to context x € X. Then applying a separate instance of UCB (or any bandit
algorithm) for each context x € X, we get by using the distribution-free upper-bound of UCB

T

Rr(x) < VI K log Ty, where T, & Ty -

t=1
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Unknown parameters: v(k, x), for each arm k € {1, ..., K} and context x € X, a probability
distribution on [0, 1] with expectation u(k, x) € [0, 1].
Ateachtimestept=1,...,T

- the environment chooses x; € X and reveals it to the player;

- the player chooses an action k; € {1,...,K};
given k;, the environment draws the reward Y; ~ v(k;, x;) independently from the
past;
— the player only observes the feedback Y;.

The player wants to minimize its pseudo-regret defined as

T T
Z p(xp) = Z Y;
t=1 1

=

Rr ¥E

5

where pi(k,x) = Ey~y(kx) [Y] and p*(x) = maxj=;,k p(k, x).

Setting 6.2: Setting of contextual stochastic bandit

Note that because T, are not known in advance it is important that the bound of UCB is anytime (i.e.,
that UCB does not need to know the horizon). The total pseudo-regret of UCB is then obtained by
summing over all contexts

Ry = ;RT(X) < Z;(\/TxKlogT < V|X|TK log T,
xXe X€E

where the last inequality is by Jensen’s inequality using the concavity of the square root and .. x Ty =
T.

Continuous set of contexts If the set of context is continuous X C [0, 1]¢, one needs again to make
assumption on the distributions v(k, x) which needs to vary smoothly in x. Doing so, one may discretize
the set of context with an e-covering of X of size N ~ ¢~ and run an independent instance of UCB in
each of the N bins.

Let > 0 and e > 0. Assume that x — u(k, x) is f-Hélder for allk € X. If UCB is independently run in
each bin of an optimal e-covering of X, then

i KTlogT
Rp < Tef + (|2~
&

In particular for ¢ well-optimized, we have Ry < T( T

Remark that in all these regret bounds, the suboptimal log T term can be removed by using MOSS (a
minimax optimal variant of UCB).

Better rates using distribution-dependent bound? In the above results, we used the distribution-
free regret bound of UCB. Because, if the function u(-, x) varies smoothly with x, there should be some
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context with zero suboptimality gaps. Yet, it is possible to get better rates by assuming the following
a-margin assumption. It controls the suboptimality gap with high probability: the contexts x; are i.i.d.
and sastify for all § € (0,1)

P{ camin A(kx) < 5} =) (6.1)

where A(k, x;) = p*(x) — p(k,x) and O is some constant. Note that the larger the value of « is the

easier is the problem.

Perchet and Rigollet [2013
Leta € (0,1), f > 0 and ¢ > 0. Assume that ¢ — u(k,x) is f-Hélder for all k € X and that the
a-margin assumption (6.1) holds. Running a bandit algorithm (similar to UCB) independently in each
bin of an optimal e-covering of X, we get

Pla+1)

_ K log K 2p+d
Rr<T s

T

for optimized e.

The proof (for another algorithm then UCB) may be found in Perchet and Rigollet [2013]. We see that
the factor « improves the rate of convergence with respect to the previous rate.

6.1.2 Stochastic Linear bandits

Contextual bandits that we just saw generalizes multi-armed bandits by allowing contexts. However,
the dimension of the context space significantly worsen the regret rate from VT to T% for Lipschitz
rewards for instance (f-Holder with f = 1). In this part, we will see Stochastic linear bandits, in which
we assume the rewards to have a linear structure. This includes rich classes of models and allows better

regret of order O(VT).

Unknown parameter: ii* € R%.

Ateachtimestept=1,...,T
— the environment chooses ©; C R? the decision set;
— the player chooses an action 6; € ©;;
- given 0;, the environment draws the reward

Yt=0t-;1*+€t

where ¢; is i.i.d. 1-subgaussian noise.
— the player only observes the feedback Y;.

The player wants to minimize its pseudo-regret defined as

T T
~ def
Rr = E max0-p" - ) Y,
T ; 0€O, a Z !

t=1

Setting 6.3: Setting of stochastic linear bandit

The setting of stochastic linear bandits is described in Setting 6.3. For simplicity, the noise ¢; is assumed
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to be i.i.d. and 1-subgaussian noise: i.e., E[&] = 0 and
VYA > 0, ]E[exp(/lgt)] < exp(A?/2)

almost surely. Note that we could consider o?-subgaussian noise, or make it depend on the past
Fr = o(xy, €1, ..., %z, &) with E[&|F;] = 0.

Particular cases: why is this setting interesting? Different choices of decision sets X; lead to
different settings of stochastic bandits:

— Finite-armed bandit: if ©, = (ey, ..., eg) where e; are the unit vectors in RY and = (e, fd),
we recover the setting of finite-armed bandit.

— Contextual linear bandit: we can recover a particular case of Setting 6.2, if x;, € X is a context
observed by the player and the reward function y is of the form

u(0,x) =y (0,x) - u, V(0,x) € [K] x X,

for some unknown parameter y* € R? and feature map  : [K] x X — R?. For example, assume
that you are a website which wants to display ads to visitors. The context x; can be the cookie
of the visitor containing information about what he likes, the actions are the possible ads to
be displayed and the reward tells if there is a click. If the possible interests of the visitor are
grouped in finite categories (such as traveling), so are the ads (in groups of products, such as flight
tickets), the feature maps could contained all the combinations between interests and groups
of products. The unknown vector 6* would be tell which interests and groups of products are
positively correlated. Of course the feature map could be created using any methods (such as
deep-learning or splines).

~ Combinatorial bandit: if ©; C {0, 1} yields to combinatorial bandit problems. For instance, the
decision set corresponds to possible paths in a graph, the vector y* assigns to each edge a reward
corresponding to its cost and the goal is to find the smallest path with smallest cost.

Algorithm: LinUCB As we saw earlier with UCB, the “optimism principle” is a good option for
bandit problems to explore. The LinUCB algorithm is based on the same principle:

1. Build confidence set that contain p*: p* € C; with high probability
2. Build confidence upper-bound on the rewards: for all § € ©,

UCB;(0) =max 6 - p (6.2)
HeEC:

3. Be optimistic: act as if the best possible rewards were the true rewards

0, € argmax UCB(0) . (6.3)
0cO,

Therefore the only remaining question is how to build the confidence set C; € R¢? They should contain
" with high probability but be as small as possible. Given the observed rewards the key is thus to
estimate the parameter y*. Denoting by I; the d X d identity matrix and picking A > 0, we can estimate
" with regularized least square

, t
I & argmin {Z(Ys — 05 ‘.U)z +/1||,u||2} =V Z 05%;.
s=1

perd s=1

57



where V; £ AL + Yi_, 050]. We have the following result whose proof can be found in Lattimore and
Szepesvari [2020].

Lattimore and Szepesvari [2020
Let § € (0,1). Then, with probability at least 1 — 8, if maxgeo, |02 < 1, forallt > 1

-~ * * T def
7 = 1" ly, < VAIR“I + \/zlog(l/a) +dlog (1 + ;) = B(9).
2 _ T
where llull?, = p Vip.
The above lemma, states that with probability 1 — 6, for all t > 1,
u* € Cy, where C E {9 eRY: ”,u —ﬁt_1||Vt_l < ﬁ(é/T)} . (6.4)
Proof of Lemma 6.4. The proof relies on Laplace’s method on super-martingales which is a standard

argument to provide confidence bounds on a self-normalized sum of conditionally centered random
vectors. We have

t t
A=Vt Y 0 =V 0007 + ) = Vi (Ve = )™ + My) = i = AVt + VM,
s=1 s=1

where we introduced M; = 22:1 0Os¢s, which is a martingale with respect to F; = o(ey, . . ., ;). Therefore,
by triangle inequality

V2= )| = | = A2+ v < Al

+[v .

On the one hand, given that all eigenvalues of the symmetric matrix V; are larger than A, all eigenvalues
of Vt_l/ ? are smaller than 1/VA and thus

/1”‘/}_1/2/1*

1
< Al Il = VAl
i g

We now prove, on the other hand, that with probability at least 1 — &

v, 2| < \/2 log % +dlog % +log det(V}) .

Upper-bounding log det(V;) < dlog(A +t) (since all the eigenvalues of V; are smaller than A + t) will
then conclude the proof of the Theorem.

Step 1: Introducing super-martingales. For all v € RY, we consider
T 1 T
Stv=exp (v M; — EV Vtv)

and now show that it is an 7;-super-martingale. First, note that since the common distribution of the
£1,...,& is 1-sub-Gaussian, the for all #;_;-measurable random variable v;_;

2

V-1
E[th—1£t|7_'t_1:| S e z .
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Now,
1
E[St,v|ﬁ_1] = St_l,‘,]E[ exp (VTOtst - EVTQtQ;rV)

ﬁ—l] < St—l,v .

Note that rewriting S; , in its vertex form is, with m = Vt_lMt:

1 1, _
St,v = exp (E(V — m)TVt(v - m)) X exp (EHVL‘ l/th”z) .

Step 2: Laplace’s method—integrating S; , over v € R%. The basic observation behind this method is that
(given the vertex form) S, , is maximal at v =m = Vt_lMt and then equals exp (%”Vt_l/ thHZ), which
is (a transformation of) the quantity to control. Now, because the exp function quickly vanishes, the
integral over v € R? is close to its maximum. We therefore consider

‘S_‘t = / St’vdV.
R4

We will make repeated uses of the fact that the Gaussian density function

Vi ———exp (v =m)C (v = m),

\det(27C)

where m € R? and C is a symmetric positive definite matrix, integrate to 1 over R?. This gives us the

first rewriting
_ 1. -
S; = yJdet(27V, 1) exp (E”Vt 1/2Mt||2) :

Second, by the Fubini-Tonelli theorem and the super-martingale property
E[S:v] < B[Sos] = exp(=2llvII*/2),

we also have

E[S/] < -/Rd exp(=Al|v||?/2)dv = Vdet(27A 1) .

Combining the two statements, we proved

E[exp (%”Vt_l/thHZ)] < /de;(dvt) .

Step 3: Markov-Chernov bound. For u > 0,

[Vi-1/2Mm,|" uz)
—_— > —_—

B([Vi-1/2] > u) = (5 :

2
< exp ( - %uz)E[exp (%”V;l/th”z)] < exp ( - u? + %log de‘;(th)) =4,

for the claimed choice

1 1
u=\/210g5+dlogi+logdet(Vt).
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LetT > 1 and yi* € R%. Assume that for all 0 € Uthl(Bt, [0 - p*| <1, ||p*|l < 1and||6] <1, then

LinUCB with C; defined in (6.4) satisfies the pseudo-regret bound

Ry < 0,dVTlog(T),

where O, is a constant that may depend on A.

Let § = 1/T. By Lemma 6.4, with probability 1 — 1/T,

Vit > 1, ueC.

Step 1: Small instantaneous regrets under the event (6.5). Assume that (6.5) holds. Let

def def

0; = max0-pu* and re = (0, —0) - u*

0O,

be respectively the optimal decision and the instantaneous regret at round t. We also define

[y € arg max {Qt -,u}.
HEC,

Since p* € C;, we have

6.3)

- " (62) o .
0; - ¥ < max {Qt -,u} =" UCB;(0;) < UCB;(6;) = Lré%x {9,« -,u} =0, i,
t

yECt
which entails because y* and fi; belong to C,

def Cauchy-Schwarz

eSO =00 <O (=) s 0l A -

Therefore, summing over t = 1,...,T and using r; < 2, we have

« Jensen’s inequality

=1
T
<2|T ) min {16, , B1/T2)%. 1}

v < 200l BT

T
< 2/3(1/T2)\TZmin{lthHf/t__ll,l} — Br(1/T?) > 1
t=1

T
< 2/3(1/T2)\ T log (1 + ||9t||2v_1) — min{u, 1} < 2log(1 +u).
=1 t—1

But, we have

L+ 16,0, = det (1+16.1F,,)
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= det (v;_ll(vt_1 V210,01 V;_/f))  using det(I + AB) = det(I + BA)
t—1

= det (Vt__ll(Vt—l + 9t9:)) — ||‘9t||Vt:11 = Vt__ll/zetetTVt__ll/z
= det (V,2}V2) — Vi =V +6:0]
det(V;) 1 det(B)
=t det(A™'B) = .
det(V,_1) < detlA™B) = )

Substituting into the regret bound, the sum telescopes and it entails

Rr < 28(1/T%)+|Tlog (det(VT)).

det(Vp)

Then, using Vj £ Al and since Vi = )LId+ZtT:1 0,0 with ||0;]| < 1, all eigenvalues of V7 lie in [A, A+T]
which yields
det(Vp) =A%  and  det(Vy) < (A+T)%.

Plugging back into the previous upper-bound and using that f(1/T?%) < O;+/dlog T

T
Rr < 2\/dTﬁ(1/T) log (1 + I) < 0dVT logT.

Part 2: without the event (6.4) We because r; < 2, almost surely Ry < 2T, and we have

Rr = E[Rr]

IA

E [RT’ Event (6.4)] P{Event (6.4)} + 2T (1 — P{ Event (6.4)})

IA

0dVT log T +2.

This concludes the proof. O

Better regret with assumptions It is worth pointing out that if we make additional assumptions, it
is possible to improve the regret bound O(dVT log T). A first setting corresponds to the case where
the set of available actions at time ¢ is fixed and finite; i.e., the learner needs to choose 8; € ® where
|®| = K. Then, it is possible to achieve

Rr < 0yTdlog(TK),

which improves the previous bound by a factor Vd/ log(K) and improves the classical bound of UCB
O(+\[TK log T) by a factor K/Vd. These improvements can be significant when K > d > 1. We refer
the curious reader to [Lattimore and Szepesvari, 2020, Chapter 22].

Another possible improvement when d > 1 is to assume that y* is my-sparse (i.e., most of its components
are zero). Then under assumptions, one can get a regret of order O(vVdm,T).

6.2 Other possible extensions of bandits

Note that there exist many different extensions of stochastic bandits to make it more realistic or with
improved regret.
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Bandit with delays: For instance, consider the example of the website which wants to display ads.
The website does not observe if there is no click, he needs to fix some time after which he consider
that the visitor will not click, and if the visitor stays long on the webpage, the website may need
to display ads to other visitors before getting the rewards. There is thus delayed feedback the
website needs to deal with.

Non stationarity

Combinatorial bandits

Dueling bandits

We refer the interested student to the monograph Lattimore and Szepesvari [2020] for more information
on these settings. Next week, we will deal with adversarial bandits.
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